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Abstract: In recent years, fuzzy rough set based
attribute reduction has attracted the interest of many
researchers. The attribute reduction methods can
perform directly on the decision tables with humerical
attribute value domain. In this paper, we propose a
fuzzy distance based attribute reduction method on the
decision table with numerical attribute value domain.
Experiments on data sets show that the proposed
method is more efficient than the ones based on
Shannon’s entropy on the executed time and the
classification accuracy of reduct.
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I. INTRODUCTION

Attribute reduction is an important issue in data
preprocessing steps which aims at eliminating
redundant attributes to enhance the effectiveness of
data mining techniques. Rough set theory [12] is an
effective approach to solve feature selection problems
with discrete attribute value domain. Traditional rough
set based attribute reduction techniques have many
limitations when performing on tables with numerical
attribute value domain. Data needs to be discretized
before performing attribute reduction techniques. The
major limitation of rough set theory based attribute
reduction is losing information in the discrete
processing, which will affect the quality of data
classification. To solve the problem of attribute
reduction directly on decision table with numerical
data, fuzzy rough set based approach has recently been
developed [3-6, 10, 16, 17].

Dubois D., and Prade H., proposed fuzzy rough set
theory [3, 4] which is a combination of rough set
theory [12] and fuzzy set theory [18] in order to

approximate fuzzy sets based on fuzzy equivalence
relation. In rough set theory, two objects are called
equivalent on R attribute set (the similarity is 1) if
their attribute values are equal on all attributes of R.
Conversely, they are not equal (the similarity is 0).
Equivalence relation is the foundation to determine the
partitions of the objects on a space object. The equal
values on the same attribute set belong to the
equivalence class. In the fuzzy rough set theory, in
order to determine the equivalence of the two objects,
the concept of equivalence relation is no longer valid
and replaced by a fuzzy equivalence relation. The
value equivalence in the range [0, 1] shows the close
or similar properties of two objects. The equivalence
relation determines fuzzy partitions on a space object,
the equivalence class of an object is the entire
universal. Thus, if a data set has n objects, it would
have n fuzzy equivalence classes.

Fuzzy rough set based attribute reduction methods
focus on two directions: fuzzy partition and fuzzy
equivalence relation. The first direction is to propose
attribute reduction methods based on fuzzy partition.
Jensen and Shen [9, 10] have proposed a heuristic
algorithm to find one reduction of decision table.
However, the biggest drawback of the algorithm is its
computational complexity, the complexity in the worst
case is exponentially increased [9, 10, 16] with respect
to the conditional attribute set. Thus, this approach is
only academic, not so feasible when applied in reality,
andjust few experts are interested in this research. The
second direction is to propose attribute reduction
methods based on fuzzy equivalence relation matrix.
The fuzzy equivalence relation matrix is calculated
based on a fuzzy equivalence relation defined on
values of attribute sets. Then the general
computational complexity is polynomial function [5,
6, 10, 16, 17]. According to this direction, Degang
Chen et al. [1, 16] have proposed algorithm finding all
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reducts by extending attribute reduction methods
based on discernibility matrix in traditional rough set
theory. Dai Jianhua et al. [5] have calculated fuzzy
information gain of the Shannon’s entropy based on
fuzzy equivalence classes and they have proposed a
heuristic algorithm to find a best reduct based on fuzzy
information gain. From their experiments, they also
demonstrated that their method is better than the
traditional rough set methods on the classification
accuracy of data. Though the time complexity of the
algorithm is polynomial, the calculation time of this
method is still long due to the usage of logarithm
formulas, especially on large data sets.

In this paper, we have proposed a heuristic
algorithm to find the best reduct of decision tables
with numerical attribute value domain using fuzzy
distance, called F_DBAR algorithm. By experiments
on data sets from UCI [19], we will show that the
execution time of F_DBAR is smaller than that of
algorithm GAIN_RATIO_AS FRS based on fuzzy
information gain [5]. Furthermore, the classification
accuracy of reduct generated by algorithm F_DBAR s
higher than that of reduct generated by
GAIN_RATIO_AS FRS [5]. The structure of the
paper is as follows. Section Il presents some basic
concepts of fuzzy rough set theory. Section Il
presents some concepts of fuzzy distances between
two finite sets. Section IV presents an attribute
reduction algorithm using fuzzy distance and an
example of the algorithm. Section V presents some
experiments on data sets from UCI [19]. Finally,
Section VI gives a conclusion and future research.

I1. BASIC CONCEPTS IN FUZZY ROUGH SET

I1.L1.  Fuzzy relation matrix

Definition 1 [7, 8, 15]. Let U ={x,...x,} be a non-

empty finite set and R be a relation on U. The
relation matrix of R, denoted by M(R), is defined as

I, ho - Iy

r. r. P
M (R) _ 21 22 2n

i Mo - I
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where r; =R(x,X; ) is the relation value of x and x;,

r

i 6[0,1].

Definition 2 [7, 8, 15]. A relation R defined on U is
called fuzzy equivalence relation if it satisfies the
following conditions:

1) Reflectivity: R(x,x)=1 vxeU
2) Symmetry: R(x,y)=R(Y,X), ¥x,y eU
3)Transitivity: R(x,z)=min{R(xy),R(y.z)} ¥x,y,zeU

Definition 3 [8]. Let U be a non-empty finite set and

R be a fuzzy equivalence relation on U . Some
operations of R are defined as

1) R=R, &R (Xxy)=Ry(xy) vxyeU
2)  R=RyUR; &R(xy)=max{R(xy),R,(x.Y)|
3) R=RNR & R(xy)=min{R(x,y).Ry(x.y)}
4) R R, =&R(XY)<R,(xY)

11.2. Fuzzy partition

Definition 4 [8]. Let U={x,...x,} be a non-empty

finite set and R be a fuzzy equivalence relation on U.
Then, a fuzzy partition is defined as

U/R={x ]R}i":l

where [x; | is a fuzzy set, [ |, is also called a fuzzy
equivalence class.

a2 T
[xi]R —{Xl + . ot Xn}
The cardinality of fuzzy set [ x; ], is calculated as
[ k=2 @
j=1

Let DS=(U,CuD) be a decision table with
numerical attribute value domain, P,Q =C and R(P),
R(Q) are fuzzy equivalence relations R on P, Q
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corresponding. Then we have R(PUQ)=R(P)nR(Q)

[8], it means that for any

o R(PUQ)(xy) =min{R(P)(x y).R(Q)(x¥)}
that M(R(P)) =[]

M(R(Q)):[rin(Q)Jnxn are relation matrices of R on

Xx,yeU
Suppose

nxn

the attribute sets P, Q  corresponding, then the
relation matrix of R on the attribute sets PUQ s
defined as

M(R(PUQ))= [ri,-R(PuQ)} where
nxn (2)

(RPR) min{r—-R(P) rR(Q)}

ij ij +1j
Example 1. A decision table DS=(U,Cu{d}) is
shown in Table 1 where

C={c,C5.,C3,C4} -

U ={u;, Uy, Uz, Uy, Us, Ug |

Table 1. The decision table with numerical attribute value.

U C1 C, C3 Cs d
Uy 0.8 0.1 0.1 0.5
Uy 0.3 0.5 0.2 0.8
Us 0.2 0.2 0.6 0.7
Us 0.6 0.3 0.1 0.2
Us 0.3 0.4 0.3 0.3
Ug 0.2 0.3 0.5 0.3 0

ol |o|lr|kr

A fuzzy equivalence relation R({c,})is defined on

atribute ¢, € C as follows

|ui _ujl

1—4>* if

|max(ck ) —min(c, )| '

[ =, <0.25
|max(c, ) — min(c,)| 3)

0, otherwise

R({ec ) up) =

Where: max(c, ), min(c,) are maximum value, minimum

value of the attribute C, , respectively.

Then the relation matrix on attribute ¢, is calculated
as follows
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1 0 0 0 0 0]
0 1 033 0 1 033
0 033 1 0 033 1
M(R({a}))= o 0o o001 0 o0
0 1 033 0 1 033
0 033 1 0 033 1]

The fuzzy equivalence class of object U, is denoted

similarly,  M(R({c.})).M(R({co})) M (R(fea})) ~ are

calculated and M (R(C))is calculated.

11.3. Fuzzy rough set

Definition 5. Given a finite object set U , a fuzzy
equivalence relation R and a fuzzy set F. Then, the
fuzzy lower approximation set R(F) and the fuzzy

upper approximation set ﬁ(F) of F are fuzzy sets, the

membership function of objects x; €U is defined as
[3, 4]

ﬂB(F)(X)z 'yQE max (1— sz (%, ¥), 446 (¥)) (4)

He iy (X) =supmin (uzg (%), e (y)) (5)

yeU

Where s, (y)=ugr(xy), then the fuzzy lower

approximation set R(F) and the fuzzy upper

approximation set R(F)are rewritten as
ey (x) =inf max (L g (¥).e (v)  ©)

tagey () =supmin (s, (), (v)) (0

It is easy to see that the membership function of
objects u;eU in fuzzy equivalence class [u; |, is

#1 (u)=R(w.u;)=r . Then, (R(F).R(F)) is
called the fuzzy rough set [3, 4]. It is obviously that
the set X cU can be seen as a fuzzy set where the
membership  function  uy (y)=1 if yeX and

-106-



Cdc céng trinh nghién ciru, phdt trién va vmg dung CNTT-TT

wy (y)=0 if ye X . The fuzzy rough set model can be
considered as using of the fuzzy equivalence relation
to approximate the fuzzy set (or crisp set) by the fuzzy
lower approximation set and the fuzzy upper

approximation.

1. FUZZY DISTANCE MEASURE BASED ON
FUZZY RELATION MATRIX

111.1. Jaccard distance between two finite sets

Given a finite object set U and X,Y cU . Jaccard’s
distance measured the similarity between two sets X
and Y is defined as [11]

[X Y|

D(X,Y) =1~
060 [X UY|

(8)

Based on Jaccard’s distance, the authors have
proposed some attribute reduction methods in decision
tables [11]. Given a decision table DS=(U,CuD)

where U ={x,...x,} and PcC, suppose that [x; ], is
an equivalence class which contain x; in partition

U/P . Based on Jaccard’s distance, the distance
between two attribute sets C and CuD is defines as
[11]

Y] ‘[x m[x ‘
|U|z‘[x x|

d(c,cuD) )

A

According to the results in [7], the formula (9) can
be rewriten as follows

(10)

i |[x m[x N[ ]D|
i o0k A% D)
Ul ‘[Xul‘
The measure distance in the formula (10) characterizes
the similarity between the conditional attribute set C
and the decisional attribute set D. Based on the
measure distance, authors [11] proposed an attribute
reduction method in the decision tables, including:
defined reduct based on the distance, defined the

importance of the attribute based on the distance,
designed a heuristic algorithm to find one reduct based

d(c,cuD)=
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on the distance. Authors [11] also have proved by
theoretical and experimental that the distance method
is more effective than some other methods using
Shannon entropy.

111.2. Fuzzy Jaccard distance measure between two
finite sets

Using the distance measure in the formula (10), we
have designed the fuzzy distance measure based on the
fuzzy relational matrix according to fuzzy rough set
approach.

Definition 6.  Given a decision table with numerical

attribute value DS =(U,CuD) , suppose that two
fuzzy equivalence relations R. and R, are defined
on two attribute sets C and D corresponding. Let rif
be the elements of the fuzzy relation matrix M (R ),

P pe the elements of the fuzzy relation matrix

M (Rp) where 1<i, j<n. Based on the formula (10),

Definition 3 and Definition 4, fuzzy distance measure
between two attribute sets C and C uD is defined as

(11)

Proposition 1. Given a decision table with numerical
attribute value DS =(U,CuD)and R., R, are two

fuzzy equivalence relations defined on C, D. Then, we
have:

1) 0<dg(C,CuD)<1
2) dg(C,CuD)=0 when R. =Ry

Proof:

1) According to formula (11), it is easy to see
0<dg(C,CuD)<1.

2) According to definition 3 and [7], we have
RocRp @ Re(xy)sRp(xy) © i <r’,vije[ln] .
using formula (11) we have di (C,CuD)=0.
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Proposition 2. Given a decision table with numerical
attribute value DS=(U,CuD) and B<C, then we

have de (B,BuUD)>dg (C,CuUD).

Proof: According to [7] we have BcC <»U/C<U/B
(the partition U /C is much finer than the partition
U/B ) if and only if [u], c[ul, . According to
Definition 3 and [7] we have

[ule cluls & [ui]R(C) = [ui]R(B) At Zn: rijc i ry

i,j=1 i,j=1

<

n n
e <> . By 1’ €[0,1] we have
ij=1 ij=1

DD -D -D
A>3 Sa-Ly<a-L.
oo o ry
Instead formula (1) we have

de (B,BUD)>d,(C,CUD).

IV. ATTRIBUTE REDUCTION BASED ON
FUZZY DISTANCE MEASURE

In this section, we present an attribute reduction
method of the decision table with numerical attribute
value using the fuzzy distance measure. Similar to
attribute reduction methods in traditional rough set
theory, our method includes: defining the reduct based
on fuzzy distance, defining the importance of the
attribute and designing a heuristic algorithm to find
the best reduct based on the importance of the
attribute.

Definition 7. Given a decision table DS =(U,CuUD)

with numerical attribute value and attribute set Rc C..
If

1) d, (R,RUD)=d.(C,CUD)
2) vreR, d.(R-{r},(R-{r})uD)#d.(C,CuUD)
then R is areduct of C based on fuzzy distance.

Definition 8. Given a decision table DS =(U,CuD),

BcC and beC—-B. The importance of attribute b
to B is defined as

SIGg (b) =d; (B,BUD)—d¢ (Bu{b},BuU{b}UD)

Tap V-2, S6 16 (36), thang 12/2016

The importance of the attribute characterizes the
classification quality of conditional attributes which
respect to the decision attribute. It is used as the
attribute selection criterial for heuristic algorithm to
find the reduct.

F_DBAR Algorithm (Fuzzy Distance based Attribute
Reduction): a heuristic algorithm to find the best
reduct by using fuzzy distance.

Input: The decision table with numerical attribute
value DS =(U,CuD), the fuzzy relation equivalence

R.

Output: The best reduct P

1. P«J;MRp)=0;

2. Calculate the relation matrix M(Rc), M(Rp);
3. Calculate the fuzzy distance di (C,CuUD);

/l Adding gradually to P an attribute having the
greatest importance

4. For d- (P,PUD)=d.(C,cuD) Do

5. Begin

6. Foreach acC-R

7. Begin

8 Calculate d. (Pu{a},Pu{ajuD);

9. Calculate

SIG, (a) =d. (P,PuUD)-d. (Pu{a},Pu{aluD);
10. End;
11. Select a, eC—-P so that

SIG (a,) = Max {SIG (a)}
12. P=PuU{a,};
13. Calculate d. (P,PUD);

14. End,;

//Remove redundant attribute in P
15. Foreach aeP

16. Begin
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17. Calculate d. (P-{a},(P-{a})uD);

18. If d.(P-{a},(P-{a})uD)=dc(C.CUD)
then P=P-{a};

19. End;

20. Return P;

The
equivalence relation matrix is O(C|U[*) with |C|, the

computational  complexity of  fuzzy
number of attribute of the data set, [U| the number of
element of the data set. Hence, the complexity of
F_DBAR algorithm is O(C[’ |U[") .

Example 2. Given a decision table with numerical
attribute value DS=(U,cuD) (Table 2) where

U ={Uy,Up,Ug, Uy, Us, U} » C={C1,C5,C5,C4,C5,Cg ) -

Table 2. The decision table in the Example 2.

U |¢ [¢c|c |¢c | | ¢ | D

u, 08 | 0.2 | 06 0.4 1 0 0

u, 08 | 0.2 0 0.6 0.2 0.8 1

U, 06 | 04 | 08 0.2 0.6 0.4 0

u, 0 04 | 06 0.4 0 1 1
Ug 0 06 | 06 0.4 0 1 1
Ug 0 0.6 0 1 0 1 0

By using steps of F_DBAR algorithm, firstly we
use the fuzzy similarity measure in formula (3) to
calculate some relation matrices.

P2, MRp) = 0, de (3,@u{d})=1, calculate
some fuzzy relation matrices
M (R{c.}). M (R{c,}), M (R{c;}), M (R{c,}). M (R{c;}),
M (R{c;}). M (R{C}),M ({D})

M(R{c.}) = M (R{c,}) =

P P, P O o o
P P P O O o
P P O O o
o o Pk P O o
R P O O O O
= P O O O O

O O o o = Bk
O O o o = Bk
o ok P O o

O O O o = Bk
O O o o+~ -
O O o B o o
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1 00 1 1 0] 100 1 1 0]
010001 010000
001000 001000
M (R{c,}) = M (R{c,}) =
({3})100110({“})100110
100110 100110
0100 0 1] 0 000 0 1]
10 00 0 0 10 00 0 0]
01 0 02 02 02 01 0 02 02 02
00 10 0 O 00 10 0 O
MRED =0 00 01 1 1 MRED=g 05 01 1 1
00201 1 1 00201 1 1
00201 1 1 | 00201 1 1 |
1 0 0 0 0 O] 10 10 0 1]
010000 010110
001000 101001
M (R{C}) = .M (R{D}) =
({})000100({})010110
000010 010110
0 0000 1] 1 0100 1]
Calculate:

de (C,CuUD) =0, dg ({c;}.{c,}w{D}) = 0.38889

de ({c2}{c.3AD}) =05, d ({cs}{cs}{D}) =0.389

de ({e 3 feay DY) =0.222, di- ({cs}{csh{D}) =0.23958

de ({cs}.{cs}{D})=0.23958, SIG; (¢, ) =0.61111

SIGp (¢,)=05 , SIGp(c3)=0611 , SIGp(c,)=0.778 ,
SIGp (c5)=0.76042 , SIGp(c)=0.76042 . SO
attribute {c,} is selected.

Similarity, de ({es, e {eq 3D} =0 !
checked  dg ({c;,c}{c, ¢} u{D})=d: (C,CUD)=0
algorithm finished and P={c,,c;} . Consequently,
P ={c,,¢} is the best reduct of DS.

V. EXPERIMENTS

We select the heuristic algorithm
GAIN_RATIO_AS_FRS [5] (Called GRAF) to
compare with algorithm F_DBAR on execution time,
reduct and the classification accuracy of reduct
generated two algorithms. We perform the following
tasks:

1) Coding algorithm GRAF [5] and algorithm
F_DBAR by C# language program. Both algorithms
used the fuzzy equivalence relation defined by the
formula (3).
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2) On aPC with Pentium Core i3, 2.4 GHz CPU,
2 GB of RAM, using Windows 10 operating system,
test two algorithms on 6 data sets from the UCI
repository [19]. For each data set, assume that U] is

the number of objects, |R|is the number of attributes
of the reduct, |C| is the number of the conditional

attributes, t is the time of operation (calculated by
second), condition attributes will be denoted by 1, 2,
. [Cl.

The execution time and reduct of two algorithms
are described in Table 3 and Table 4.

Table 3. The execution time of F_DBAR and GRAF [5]

F_DBAR GRAF[5]
N Data set U] | IC]
0 IR| t IR| t
1 | Ecoli 33| 7| 6| 0036| 6| 0.124
2 | Fertility 100] 9| 8| o0o017| 7] o021
3 | Wdbc 569 | 30 | 15 | 9.624 | 17 | 12.146
4 | Wpbc 198 | 33| 16 | 5016 | 17 | 6.725
5 | Soybean 471 35| 19| 0079 | 21| 0.105
(small)
6 :f”OSpher 351 | 34| 11| 6022 | 12| 8142
Table 4. Reducts of F_DBAR and GRAF[5]
No | Data set F_DBAR GRAF[5]
1 | Ecoli {1,2,3,4,6,7} {1,2,3,4,6,7}
2 | Fertility | {1,2,3,5,6,7,8,9} | {1,23,5,6,7,8}
{1,3,4,7,8,9 12, | {1,245 7,809,
3 | wdbc 14,16,18,19,22, | 10,12, 14, 16, 18,
24, 25, 30} 19, 22, 23, 24, 30}
{1,2,5,8,9,10,13, | {L,3,5,7,8,9, 10,
4 | Wpbc 14,15, 18,19, 22, | 13,14, 15, 18, 19,
23,25, 28, 32} 22,23, 25, 28, 32}
{1,2,5,7,9 10,11, | {L 35,709, 10,
Sovb 13,15, 16, 18,19, | 11,13, 14, 15, 16,
5 | 2% ﬁa” 22,25,29,30,31, | 18,19,20,22, 25,
(small) 32, 34} 29, 30, 31, 32, 34}
g | tonosph | {1,2,8,10, 12,15, 1{51' fé 42’28'293' 1228'
ere 18, 22, 28, 32, 34} Sabv i

The results of Table 3 and Table 4 show that the
number of attributes of the reduct obtained by
F _DBAR are smaller than that of the reduct obtained
by GRAF (except Fertility). Furthermore, the executed

Tap V-2, S6 16 (36), thang 12/2016

time of F_DBAR is less than that of GRAF. So
F_DBAR is more effectively than GRAF in term of
the executed time.

Next, we carry out some experiments to compare
classification accuracy of the reduct obtained by
F_DBAR and GRAF. The classification accuracy is
conducted on two reducts of two algorithms with
algorithm C4.5 in Weka [20] and 10-fold cross-
validation. Specifically, given data set is randomly
divided into ten parts of equal size. The nine parts of
these ten parts are used to conduct as the training set
and the rest part was taken as the testing set.
Experimental results are shown in Table 5.

Table 5. A comparison of F_DBAR and GRAF[5] on
classification accurac

F_DBAR GRAF[5]

N Dataset | |U| | IC|

0 |R| | Accuracy | |R| | Accuracy

1 | Ecoli 336 | 7 6 0.802 6 0.802

2 | Fertility 100 9 8 0.817 7 0.752

3 | Wdbc 569 | 30 | 15 0.984 | 17 0.917

4 | Wpbc 198 | 33| 16 0.902 | 17 0.804

5 | Soybean | 40l 35| 19| 0802 | 21| 0705

(small)

6 'e‘;QOSph 351 | 34| 11| o0942| 12| 0904

Average 0.875 0.814

The results of Table 5 show that the average
accuracy of F_DBAR is higher than that of GRAF on
6 data sets. That is F_DBAR is more effectively than
GRAF on classification accuracy.

Consequently, experimental results on 6 data sets
show that F_DBAR is more effectively than GRAF on
the executed time and classification accuracy. That is
the main result of this paper.

VI. CONCLUSION

Fuzzy rough set model proposed by Dubois D.,
and Prade H., [3, 4] is an effective approach to solve
the issue of the attribute reduction on the decision
table with numerical attribute value. In this paper,
based on fuzzy distance we proposed an attribute
reduction method on the decision table with numerical
attribute value. The fuzzy distance measure is
determined based on the equivalence relation matrix of
attributes. The fuzzy equivalence relation matrix on
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the value of attributes is determined by formula (3),
the fuzzy equivalence matrix of attribute set is
determined by formula (2). The experimental results
on 6 data sets from UCI [19] show that the executed
time of proposed algorithm F_DBAR is less than that
of algorithm GRAF [5] and the classification accuracy
of the reduct obtained by F_DBAR is higher than that
of the reduct obtained by GRAF [5]. Our further
research is to find the relation between reducts
obtained by different methods according to fuzzy
rough set approach.
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