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I. GIOI THIEU

Viéc nghién ctiu dé€ tim kiém céc luat quyét dinh trén
bang quyét dinh bang cich ddnh gid cic do do clia cc luat
quyét dinh ciing nhu cic cach tiép can gia ting, xac dinh
luat quyét dinh, v.v. da dudc nhiéu nhém tc gia nghién ciiu,
chéng han nhu trong [1-5]. Tuy nhién, luat quyét dinh trén
bang quyét dinh chi mang tinh chit thoi diém ma khong
ap dung dugc cho cd mot qua trinh, mot khoang thoi gian
nao dé. Khi d6, dé khic phuc nhuge diém nay nhém tic
gid da tap trung nghién ctiu va dé xuit mot mod hinh va
thuat todn tuong Ung dé€ phat hién cac luit quyét dinh trén
khbi dit lidu [6]. Trén khoi quyét dinh, viéc nghién ctiu cac
tinh chéit khi 1am min hoic 1am tho céc gia tri clia thudc
tinh chi sb trén khéi ciing da dudc nhém tic gia quan tAm
nghién ciu [7]. Néi tiép theo hudng nghién ciiu trén, trong
bai bdo ndy nhém tic gid da dua mot phuong phap dé tinh
toan gia tang ma trin do chinh xac (Acc) va do phu (Cov)
ctia cac luat quyét dinh khi b sung, hay loai bo cic d6i
tuong ra khoi khdi dit liéu, dong thdi danh gid do phiic tap
cla cdc thudt toan cia phuong phap nay.

II. CAC KHAI NIEM CO BAN
1. Khoi

Pinh nghia 1: Goi R = (id; A, A3, ..., A;) 1a mot bd
hitu han cdc phan td, trong d6 id 1a tap chi s6 hitu han
khic réng, {A;} v6i i = 1,...,n 1a c4c thudc tinh. Mdi
thuoc tinh A; c6 mién gid tri tuong tng 1a dom(A;). Mot
khdi r trén R gdbm mot sd hitu han phan tG ma mdi phan
tir 12 mot ho cic dnh xa tir tap chi sb6 id dén cdc mién tri
cta cac thudc tinh {A;}. N6i mot cach khac,

ter(R) & t={r:id — dom(A;)},_,

Khdi duge ky hiéu 1a r(R), hoic r(id; Ay, Ay, ..., Ay), hoic
don gian la r.
2. Lat cit cthia khi

Pinh nghia 2 ([8]): Cho R = (id; A1, A, ..., Ap), va r(R)

13 mot khéi trén R. V6i mdi x € id ta ki hidu r(R,) 1a mot
khéi v6i R, = ({x}; A1, As,...,A,) sao cho

teer(R) ete={=r|}_ .
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trong d6 #i(x) = #(x). Khi d6 r(Ry) dugc goi la mdi lat
cat trén khéi 7(R) tai diém x, ki hiéu 1a r,. Sau day, d€ cho
don gian ta st dung cac ki hiéu

x® = (x; Ap) va id® = (x| x € id}.

Ta goi ) (x € id,i = 1,...,n) la cic thudc tinh chi s ctia
luge dd khéi R = (id: Ay, Ay, ... Ay).

3. Khéi thong tin

Pinh nghia 3 ([6]): Cho R = (id; A, As,...,A,) var
l1a mot khéi trén R. Khi d6 khéi thong tin 1a mot bd bén
IB = (U,A,V, f) v6i U 1a tap céc ddi tugng thuode r goi 1a
khong gian cac dbi tugng, A 1a tap cac thuodc tinh chi sd
clia dbi tugng, V 1a tap gid tri clia cac dbi tuong tGng véi
thudc tinh chi s6 x¥) va ching dugc xdc dinh nhu sau:

A= Lnjid@, v=J V.
i=1

x(MeA

Cubi cing, f : UX A — V 1a ham thong tin thda méin ring
v6i moi u € U va véi moi x) € A ta c6 f(u) € V.. Khi
do, ta goi f(u,xV) 1a gia tri chia d6i tugng u tai thudc tinh
chi s6 x.

Dinh nghia 4 ([6]): Cho R = (id; A, Ay, ..., Ay), r la
mot khbi trén R, va r, 1a 1at cit cia khdi r tai x € id.
Khi d6, lat cit ctia khdi thong tin tai x 13 mot bd bdn
IB, = (U, A, Vi, f) véi U la tap cac dbi tugng thudc r goi
12 khong gian céc d6i tudng, A, 1a tip cac thudc tinh chi sb
ctia ddi tugng trén lat cit tai x va dude xdc dinh nhu sau:

n
Ay = U X9,
i=1
Tép thd ba trong bd, V,, dudc xac dinh nhu sau:

Ve = U Vi@,

xWeA,

trong d6 V. 1a tap gid tri clia cdc ddi tugng dng véi thudc
tinh chi s6 x®. Cubi cung, fy : Uy XAy — Vi la ham thong
tin thda man rang v6i moi u € U va v6i moi x® e A, ta
c6 f(u,x9) € V.

4. Khéi quyét dinh

Pinh nghia 5 ([6]): Cho khbi thong tin IB = (U, A,V, f)
v6i U 1a khong gian cdc dbi tugng va A = U id®). Khi do,
néu A dudc chia thanh hai tap C va D sao cho C = U{.‘: 1x("),
D=ur, x9 xeid v6il <k <n, thikhdi thong tin IB
goi 1a khoi quyét dinh va ki hiéu 12 DB = (U,C U D,V, f)
v6i C 1a tap cac thudc tinh chi s6 diéu kién va D 1a tap céc
thuoc tinh chi sb quyét dinh. Ta c6 thé ki hiéu khdi quyét
dinh mot cach don gian 1a DB = (U,C U D).

Pinh nghia 6 ([6]): Cho khéi DB = (U,CUD,V, f) véi C
1a tap céac thuoc tinh chi s6 diéu kién va D 1a tip céc thudc
tinh chi s6 quyét dinh. Khi d6 lat cat ctia khbi quyét dinh tai
X, x € id, 1a mot bo bén DB, = (U,CXUD*,Vy, f:) véi U Ia
tap cc dbi tugng thudc r goi 1a khong gian cic dbi tugng,
C* = Ugiea, Ve, D = UK x0 A, = CXU DY, V, =
U, xW, véi Vi 1a tap cdc gid tri clia cdc di tudng ting
véi thudc tinh chi s6 x?, f, : Uy x Ay — V. 1a ham thong
tin thda mén rang véi moi u € U va véi moi x) € A, ta
6 f(u,x) € V.

5. Luét quyét dinh trén khdi va trén 1at cit
Pinh nghia 7 ([6]): Cho khbi quyét dinh DB = (U, CUD)

véi U la khong gian cic dbi tugng, C = UK x@, D =

i=1

Ut X0, e = Ul x @, Y=o x, x € id. Khi do,
U/C={C1,C,...,Cn},
U/C* = {Cx1,Cx2s...,Cxs, }
U/D = {Dy,Ds,...,Dp},

U/Dx = {thDxZ:“ "stx B

tuong ung la cac phan hoach dugc sinh ra béi C, C*, D,
D* va m, h, ty, s, 1an lugt 1a s 16p tuong duong cia cc
phan hoach U/C, U/C*, U/D, U/D*. M6t luit quyét dinh
trén khoi c6 dang

Cl'—>Dj, i = 1,...,m Véljz 1,...,/’1
va trén 1t cit tai diém x c6 dang
Cyi — Dyj, i=1,. 8, vaj=1,...,5,.

Ménh dé 1 ([6]): Cho khdi quyét dinh DB = (U,CU D)
véi U la khong gian cic dbi twgng C = UK x), D =
U, x0 e =Uk x0 pr=ur, xD xeid 1<k <
n, va cac phan hoach U/C, U/C*, U/D, U/D* la cac phan
hoach dudc sinh ra bdi bsi C, C*, D, D*, nhu trong dinh
nghia 7. Khi d6, véi moi C; € U/C va v6i moi D; € U/D,
i=1,....m,j=1,...,h,tacod

C = ﬂ Cipy» Dj= ﬂ Dyy..
xeid x€eid
voi px € {1,2,...,tx} va gx € {1,2,...,5:}.

Pinh nghia 8 ([6]): Cho khéi quyét dinh DB = (U,C U
D), Ci € U/C, Dj € U/D, Cyp, € U/C¥, Dy, € U/D¥, véi
i=1,....m j=1,...,h pe{l,....tx}, g € {1,...,5x},
xeid.

Khi d6, d hd trg, d6 chinh xdc va do phi cta luat quyét
dinh C; — D; trén khdi dugc cho tuong ung nhu sau:

Sup(Ci,Dj) = |Cl' N Dj|,

|Ci 0 Dy

ACC(CI',D]') = T,
L

Cov(C,.0) = 102l
o D



Con dd hd trg, do chinh xdc va do phi cia luat quyét dinh
Cxp —> Dy, trén ldt cit cta khoi tai di€m x duge cho
tuong ng nhu sau:

Sup(Cyp, Dxq) = |Cxp N D

C D

Acc(Crps Drg) = M,
|Cup

|Cxp N Dy

Cov(Cup, Drg) = 2241
e |Dxql

Tur dinh nghia trén, ta c6 cac két qua sau:

0 < Acc(C,Dj) <1, 0 < Ace(Cxp,Dyg) < 1,

Sx
Z ACC(Cxp’ qu) =1,
g=1
0 < Cov(Cyp.Dyg) < 1,

h
ZACC(Ci,Dj) =1,
=1

0 < Cov(C,, D;) < 1,
m Ix

D Cov(Ci,Dy) =1, D Cov(Crp, Dig) = 1.
j=1 p=1

Ta c6 thé biéu dién do do ctia cac luat quyét dinh trén
khoi dudi dang cdc ma tran do hd trg, do chinh xdc va do
pht tuong ting nhu sau:

Sup(Ci,Dy) Sup(Ci, Dp)
Sup(C, D) = : : ,
Sup(Cyy, Dy) Sup(Cy, D)
Acc(Cy,Dy) Acc(Cy, Dy)
Acc(C,D) = : : ,
Acc(Cm, D1) Acc(Cym, Dp)
Cov(Cy, Dy) Cov(Cy, Dy)
Cov(C,D) = : : .
Cov(Cy, Dy) Cov(Cy, D)

V6i cdc luat quyét dinh trén cdc lat cit cta khoi thi ta
cling ¢6 cdc ma trin do hd trg, do chinh xdc va do phd
tuong tu.

Ménh dé 2 ([1, 7]): Cho khbi quyét dinh DB = (U,C U
D), v6i U la khong gian cc dbi tuong, C = Uf.‘zlx(i), D=
ut, x9 x eid. Khi d6 v6i moi C; € U/C va v6i moi

i=k+1
DjeU/D,ie{l,....myvaje{l,...,h}, tacod

Sup(C;, D;)
h Sup(Ci, Dy)’

Sup(C;, Dj)
Zzl:l Sup(Cp, D))’

ACC(Ci,Dj) =

COV(Ci,Dj) =

Tap 2019, S6 1, Thdang 9

L KET QUA

1. Mb hinh bé sung va loai bé cic dbi tuong trén
khoi quyét dinh va trén lat cat

Cho khéi quyét dinh DB = (U,C U D,V, f) nhu trong
dinh nghia 7. Gia st, ta cAn bd sung vao khdi quyét dinh
nay N dbi tugng, ki hiéu AN va loai bd cling & khéi nay
M dbi tuong, ki hiéu DM. Khi d6, ta cin tinh cic ma tran
dd chinh xdc Acc va ma tran do phi Cov trén khbi va trén
14t cat sau khi b3 sung va loai bd cac dbi tugng ctia khbi
quyét dinh. Céac két qua ndy sé gitip tim ra cic luat quyét
dinh trén khdi va trén 14t cat.

Gia st khi b6 sung N dbi tugng vao khoi quyét dinh thi
N d6i tuong nay sé sinh thém p 16p tuong duong diéu kién
méi dbi v6i tap U/C, py 16p tuong duong diéu kién méi
dbi véi tap U/C*, q 16p tuong duong duong quyét dinh
méi dbi véi tap U/D va g, 16p tuong duong quyét dinh
méi dbi véi tap U/D~. Ki hiéu N; 1a s6 dbi tuong dudc b
sung cho 16p C; e U/C (i = 1,...,m + p), Ny; la sb dbi
tuong dudc bd sung cho 16p Cy; € U/C¥ (i = 1,. ...t +py)
va trong N; dbi tugng ndy c6 N;; doi tugng duge bS sung
cho 16p D;j € U/D (j = 1,...,h + q), con trén 14t cit
tai x thi trong Ny; ddi tugng nay c6 Ny;; ddi tugng dugc
bd sung cho 16p Dy; € U/D* (j = 1,...,s¢ + qx). Trong
M dbi tugng bi loai bé c6 M; d6i tugng bi loai khoi 16p

G, eU/C (i=1,...,m)c6 M;; dbi tugng bi loai bo khoi
16p D; (j = 1,...,h), con trén lat cit tai x thi trong M,;
(= L.....sx) déi tuong bi loai b6 khoi 1p Dy; € U/D*.

Tur md hinh nay ta cé

h+q

N; = Z Nij,
=1

3
T
<
3
T
<
>
T
Q

=
I
=
1
=

i=1 i=1 j=1
h m m h
Mi= ) Mg M=) Mi= ) ) My
i=1 i=1 i=1 j=1
Sxtqx Ix+Dx +Dx Sx+q.
Nyi = in], Ny = Ny = Z Z Xijs
Jj=1 i=1 i=1 Jj=1
Sx Iy fx Sy
My; = ZMXI]7 M, = Zsz = sz;

~
Il
—_
~
I
—_
I
—_
-~
1l
—_

Ta ki hiéu céc 16p tuong duong sau khi bS sung va loai
bé cdc dbi tugng 1a
U/C = {Cl,Cz,.. Chos- -}
U/Cc* ={C;.Clp,....Cy s},
U/D={D},D,,....D;,...},
U/D* ={D}.D},.... D} ,...}.

x1°
T dinh nghia ta thily C; va C! (i = 1,...,m) chi khac
nhau vé s6 lugng phan ti khi bd sung va loai bd cac dbi
tugng, nghia 1a v6i moi a € C ta c6 f(C/,a) = f(Ci,a),
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con vdi céc 16p tu C’ " Cr’n+2, e m+p la cac 16p tuong
duong diéu kién hoan toan méi. Trén lat cit tai x thi Cy;
va C., (i =1,...,t,) cing chi khdc nhau vé s6 lugng phan
t sau khi b& sung va loai bd cic dbi tugng va véi moi
a € Ctaco f(Cy,a) = f(Cxi,a), con véi cic 16p tu C;,
(i =ty +1,...,tc + py) 1 cic 16p tuong duong diéu kién
hoan toan mdi.

Tuong ty, D; va D] (i = 1,...,h) ciing chi khdc nhau vé
s lugng phan tk, nghia 12 v6i moi a € D ta ¢6 f(D],a) =
f(Dj,a), con véi cac 16p tu Dh+l’ D;’l+2,. . .,D}’Hq 121/ cac
16p tuong duong quyét dinh hoan toan mdi. Trén lat cat tai
x thi Dy; va D, (i =1,...,sx) cing chi khic nhau vé& s6
lugng phan ti sau khi b sung va loai bé cic dbi tugng,
con cac ldp tu D’ (J =sx+1,...,8¢+gy) la cac 16p tuong
duong quyét dmh hoan toan méi.

Tir tinh chét trén cia cic 16p tuong duong diéu kién, cic
16p tuong duong quyét dinh trén khdi va trén lat cat ta cé
mbi quan hé gitta s6 lugng cic phan ti clia cic 16p nay
nhu sau:

|C|+N M;, i=1,....m,
IC/| =

i=m+1,....m+p,

h .
|C| +qN Z] 1 lj’ 1= 1,...,m,
h+qN,,, i=m+1,...,m+p,
IDj| + X7 Nip = 20 My, j=1,....h,
m+le], j=h+1,....,h+gq,

|Cx1|+Nx1_ Xi» i=1,...,m,

ICyl =
Nyiy i=m+1,....m+p,
X+ X X .
|C, |Cxil + ZY B qu ZS Mxija i=1,... 1,
P T N N
tx+Dx e .
|Dx1|+z P le} Zi lMxij, J= L...,8x
tX+px Nyij,  J=sx+ 1. 8¢ +qx.

Ménh dé 3: Cho khéi quyét dinh DB = (U,CUD,V, f),
AN va DM 1a tap céac ddi tuong bd sung va loai bd tuong
ting ddi v6i khdi quyét dinh DB. Khi d6 ma tran do chinh
xéc trén khdi quyét dinh sau khi b6 sung N va loai bd M
dbi tuong véii € {1,....m+p}vaje{l,....,h+q} séla

Ace(C’,D") = Ace(C, D)ixj»

véiie{l,...,m}vaje{l,...,h} s€la

|Ci N D]| + Nij - Mij
h+ h ’
IC;| + Zj,j Nijy = 252 Mij

Acc(C], D;) =

véiie{l,....m}vaje{h+1,...,h+q} s€la
-y Nij
Ace(C;, D)) = hra n ’

Cil + X205 Nijr = 25—y Mije
vaviie {m+1,....m+p}tvaje{l,....h+q} s€la
Acc(C/ D’)—L

i* My ijqulj

Ching minh: Ta lan ludt xdc dinh gid tri cta
Acc(C], D]’.) theo ba trudng hgp sau.

@i=1,...,mvaj=1,...,h Theo dinh nghia, ta ¢6
Acc(C/,D’) = 0 D}|
Ao
Khi d6

IC; N Djl = 1Ci N Dyl + Nij = My = Ay,

h+q
IC/| = |Ci| + Ny — M; = |C|+ZN,,—ZMU/—B|
J'=1 J'=1
Két qua nay cho ta
|Ci/ﬁD’.| A
Acc(C,D}) = ——L =,
GBI
G)i=1,...,mvaj=h+1,...,h+q: Theo dinh nghia,
ta co c: /|
Ace(CL,D)) = ——L
ce(G, D) IC/]
Khi d6
IC’QD | - lj _A27
h+q

I/ = |Cil + Ni = M; =

|C|+ZNIJ ZMU_B2

| ’

Suy ra )
GOl _ 4
IC;] By

L

Acc(C/, DJ’-) =

(i) i=m+1,.... m+pvaj=1,...,

nghia, ta c6

h + q: Theo dinh

Dy
Acc(Ci,Dj) = W
Khi d6
|C’ﬂD | = N;j = A,
h+q
IC/| = ZNij = Bs.
J=1
Tit d6 -
Acc(C},D%) = M = ﬁ
v IC/] B3

1



Ménh dé 4: Cho khéi quyét dinh DB = (U,CUD,V, f),
AN va DM 1a tap céc dbi tugng bd sung va loai bd tuong
ting dbi v6i khdi quyét dinh DB. Khi d6 ma tran do chinh
xéc trén 1t cit x sau khi bS sung N va loai bd M dbi tugng
Véii=1,...,tc+pxvaj=1,...,5:+qx s€ 1a

ACC(C;C,D;) = ACC(C_)/([W D;j)ixj,
voiie{l,....txyvaje{l,...,s.} s€la
|Cxi N Dyj| + Nyij — My
|Cxil + Z;ffqu Nxijy = X5 Myiy

Acc(Cy;, DY) =

voiie{l,....txt vaje{sx+1,....5: +¢qx} séla
Nyij

Acc(Cy;, D) =
’ J xtqx Sx ’
|Cxil + Z;,zlq Nyij — Z},:l My
vavoiie{ty,+1,....tx+pt, Je{l,...,50 +qx} s€ 1a
in'
’ ’ _ J
Acc(Cxi,ij) Rl a—
ijl xij’

Chitng minh: Ta cing xac dinh gid tri cua
Acc(C)’ci,D;j) theo ba truong hdp sau.
@i=1,....,tx va j =1,...,5.: Theo dinh nghia, ta c6
1,0 D
Acc(C.,D’ ) = —,]
x> xj |Cxi|
Khi d6
|Cyi N Dyl = |Cxi N Dyjl + Nxij — Mxij = A1,

Sx+qx Sx
|C,'|=|Cxi|+in_Mxi=|Cxi|+ in"_ Mxi":Bxl~
xi J J
j=l J=l
Suy ra
C 0Dl 4
Acc(C..,D )= — 2 = Zal
CarPy) =T " Ba

() i=1,....0c va j = sx + 1,...,5¢ + gx: Theo dinh
nghia, ta c6

Ace(CL, D) 1% 0 By
ce(C..,D.) = —————
xi* 7 xj |C;”|
Khi d6
|C)/Ci N D;j| = inj = Ay,
Sx+tqx Sx
7= 1Cri Mai=|C. — Yy =Bor.
|C | |Cxt|+Nxt M, |Cxt|+ Z lej ZMXU =Dx2
= =
Suy ra
|IC..ND" .| 4
Acc(Cl, D)= —— X _ 2x2
(CaPo) = e " B,
(i) i =t + 1,...,60 +px va j = 1,...,5, + gx: Theo
dinh nghia, ta c6
€10 Dyl

Ace(Chyp D) = — 577
Xl
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Khi d6
|C)/Ci n D)/Cj| = inj = Ax3,
Sx+qx
|C;”| =Ny = Z inj = B,3.
i=t
Suy ra

Cc'.NnD’.
Acc(Cy;, DY) = % = 2—2
X1

i
Ménh dé 5: Cho khéi quyét dinh DB = (U,CUD,V, f),
AN va DM 1a tap cac dbi tuong bd sung va loai bd tuong
ting dbi véi khéi quyét dinh DB. Khi d6 ma tran do phd
trén khéi quyét dinh sau khi b6 sung N va loai b6 M dbi

tugng véii € {1,...,m+p}vaje{l,...,h+q} séla

Cov(C’,D’) = Cov(C/, D;)ixj,
véiie{l,...,m}vaje{l,...,h} s€la
|C; N Dj| + Nyj — My
IDj| + 2020 Noj = iy My

Cov(C], D]’.) =

véiie{m+1,....m+p}vaje{l,...,h} séla
Nij
Djl + Z20 Nij = By My

Cov(C}, D)) =

vavoiie{l,....m+p}h,vaje{h+1,...,h+q} séla
Cov(C!,D’) Nij
(0)\Y% “y L) = m—
BN Ny
Chiing minh: Ta ciing xdc dinh gid tri cia Cov(C/, D]’.)
the ba truong hgp sau.
L)i=1,...,mva j=1,...,h Theo dinh nghia, ta c6
IC/ N D}
Cov(C},D}) = ———
7= D]
Khi d6
|Cll N Djll = |C, N D]l +Nij — Mij = Ai,
m+p m
|Dj| = 1Dl + Nj = Mj = |Dj| + > Noj= > Myrj = Bj.
=1 =1
Suy ra

IC;N DI A

COV(Cl-,Dj) = W = F
J 1
(ii)i =m+1,...,m+pvaj=1,...,h: Theo dinh nghia,

ta co , ,
, o G nDjl
COV(Cl-,Dj) = W

J
Khi d6

7 ’ 4
IC/ N Dl| = Nyj = A,
m+p m

D}l = 1Djl + ) Nij= ), Mj = B,
i'=1

i'=1
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Suy ra
L
COV(Ci,Dj) = T = F
1D 5

(i) i=1,...,m+pvaj=h+1,....,h+q: Theo dinh
nghia, ta c6

. IC/ N DJ’.|
COV(CI-,DJ») = W
Khi dé
IC/ N D]’.| =N;; = A},
m+p
|Dj| = " Nirj = Bj.
i'=1
Suy ra

., lcinDil A
COV(Ci,Dj) = Tﬂ = B_é
mi
Ménh dé 6: Cho khéi quyét dinh DB = (U,CUD,V, f),
AN va DM 1a tap céc dbi tuong bd sung va loai bd tuong
ting v6i khdi quyét dinh DB. Khi d6 ma trdn do phd trén
14t cét tai x sau khi bS sung N va loai bd M dbi tugng véi
i=1,...tc+pcvaj=1,...,5¢+¢qx s€la
Cov(Cy, DY) = Cov(Cy;, Dy ixjs

véiie{l,...,tx} vaje{l,...,s.} s€la
|Cxi N Dyj| + Nyjj — My
+ b
IDj| + X707 Nuirj = 20y My

Cov(C’ D;j) =

xi°
voiie{ty+1,....,tx+pxtvaje{l,...,sx}s€ la
Nyij
TtDx I ’
IDj| + X007 Nairj = 205 M

Cov(C’.,D’

xi° xj) =

vavoiie{l,....tx +px}t vaj € {sx,...,5x +¢x} s€ la
Nyij
Z;f:]px xi'j
Chitng minh: Ta cing xac dinh gia tri cuoa
Cov(C},, D;, j) theo ba trudng hgp sau.

Cov(C’;, D) = .

X1’

@i=1,...,mvaj=1,...,h Theo dinh nghia, ta ¢
;0D

Cov(C!,, D) =
ov(Cy;, DY) |D;j|

Khi do

Cyi N DYl = [Cai N Dyjl + Nyjj — Myij = A

X x1°
Ix+Dx Ix

|D)/cj| = |ij|+ij_ij = |ij|+ Z in/j—ZMxi/j:B;l'

i'=1 i'=1
Suy ra
’ ’
IC N DGl Ay
|D’ | B’
XJj x1

Cov(Cy;, DY) =

(i) i =t +1,...,t0 + px va j = 1,...,5,: Theo dinh

nghia, ta c6

IC’.n D;j|

xi

Cov(C..,D’.) = -
D]

x> xj
Khi dé

x2°

’ ’ L A
Ly N Dyl = Nuy = A
Ix+Dx

Iy
[DY ;1 = Dyl + Z Nyirj = ZMxi’j = Bya.
=1 =1

Suy ra
ICLin Dyl AL,

Cov(Cy;, DY) = o "B
xj x2

(i) i = 1,...,t, +py va j = s, + 1,...,5; + g5 Theo
dinh nghia, ta c6

L N D
J
COV(C)ICi,D;J- = W
J
Khi d6
I3 N D),cjl = Nxij = Al
tx+px
D= > Nuj =B
i'=1
Suy ra

’ ’
ICyi N DYl Al
’ ~ nr -
|ij| Bx3

Cov(Cy;, DY) =

2. Tinh toan gia tang Acc va Cov khi bé sung va loai
bo cac doi tugng trén khoi quyét dinh

1) B& sung déi tuwgng x vao khoi quyét dinh: Chiing ta c6
bbn trudng hop sau.

(i) Sinh 16p diéu kién méi va 16p quyét dinh méi:
V6i trudng hdp nay taco x ¢ C; (i = 1,...,m) va x ¢ D;
(=1....,h). Suyrax e C,,  vax €D, . Dodo
Ace(C, . .D; ) =1vaCov(C,  ,D; ) =1. V6imoij=
1,...,h, ta cO Acc(Cr’nH,D]’.) = Cov(C’;Hl,Dj’) = 0. Véi
moii=1,...,m, ta cod Acc(Ci’,D;Hl) = Cov(Cl.’,D,’Hl) =
0. Mat khac, v6i moi i = 1,...,m va j = 1,...,h, ta cé
Acc(C/, D]’.) = Cov(C;, Dj) va Cov(C/, Dj’.) = Cov(C;, Dj).

(ii) Chi sinh 1p diéu kién méi: Trudng hop nay ta
c6x ¢ C (i=1,...,m)vaton tai j ¢ {l,...,h} sao
cho x € Dj-. Suyrax € C; ., va x € D]’ Do do6 ta cé

Ace(C),, 1, Dj) = 1 va
Cov(C’ .,,D’.) !
oV D)= ———.
mAl g [Dj+| + 1



Néu k # j* thi Acc(C),,.D;) = Cov(C/ .|,

i #m+1 thi Acc(C,D7.) = Ace(C;, Dj+) va

D) = 0. Néu

_|Gin Dy

Cov(C/,D’.) = .
OV( i ]) |D]*|+1

Mat khac, v6i moi i # m + 1 va moi j # j*, ta cb
Acc(C], DJ’.) = Acc(C;, Dj) va Cov(C], DJ’.) = Cov(C;, Dj).
(iii) Chi sinh 16p quyét dinh méi: Trudng hop nay, x ¢
D; (j=1,...,h) vaton tai i* ¢ {1,...,m} sao cho x € Cj-.
Suyrax €D  vaxeC.. Dodo Cov(Cl.,D;, )=1va
1

ACC(C;*,DI;_'_l) = W

Néu i # i* thi Ace(C/,D; . ) = Cov(C/,D; ;) = 0. Néu

k # h+ 1 thi Cov(C/.,D;) = Cov(Ci+, D) va

|Ci N Dy|

ICio|+1°

Mit khac, v6i moi i # i* vamoi j # h+ 1 ta co

ACC(C;,D}) = Acc(C;, Dj), va Cov(Ci’,D]’.) = Cov(C;, Dj).
(iv) Khong sinh thém 16p diéu kién mdi hoac 16p quyét

dinh méi: V6i truong hop nay, ton tai i* € {1,...,m} sao

cho x € C;- va tdn tai j* € {1,..., h} sao cho x € D;~. Nhu

vdy, viéc bd sung phan tif x sé ting thém s6 phan ti cda

C,'* va Di*. Khi d6

Acc(Cl.,Dy) =

A (Cl D )= |Ci*ﬂDj*|+l

A B = e
Cov(CL..D'.) = |Ci*ﬁDj*|+1
oV g |Dl*|+1

Néu k # j* thi Cov(C/.,D;) = Cov(Cy+, D) va

|Ci« N D| + 1
|G| +1

Néu u # i* thi Acc(Cb'l,DJ'.*) = Acc(Cy, Dj) va

Acc(C/.,Dp) =

|Cy ﬂDj*| +1

Cov(C,,D’.) =
ov(Cu: Dj) |Dj| + 1

Néu i # i* va j # j* thi Acc(Cl.’,DJ’,) = Acc(C;,Dj) va
COV(C[.’,DJ/.) = COV(C,',DJ').

2) Loai b6 phdn tit x ra khéi khéi quyét dinh: Véi trudng
hop nay, ton tai i* € {1,...,m} sao cho x € C;~ va ton tai
j* €{l,...,h} sao cho x € Dj-. Nhu vy, viéc loai bo phan
ti x s& 1am gidm di s6 phan td ctia C;+ va D;-. Khi d6

, , |Cl* N DJ'*| -1
Al D)= e o
Cov(CL..D".) ICi*ﬂDj*|—1

ov(C.,D}\.) = —————

R

Néu k # j* thi Cov(C}.,D;) = Cov(Ci-, Dy) va

|Ci N Dy|

ACC(CI/*,D;() = W
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Thuét toan 1: Tinh todn cdc ma trdn Acc va Cov
truéc khi b3 sung va loai bd cac dbi tugng

Dur liéu vao: .
o Cic 16p tuong duong dieu kién C; v6ii=1,...,m
e Cic I6p tuong duong quyet dinh D; véii=1,...,h
Dir liéu ra:
e Ma tran Acc(C, D) va ma tran Cov(C, D)
// Tinh ddng thoi ca hai ma tran Acc va Cov
fori=1:mdo

for j=1:hdo
|C; N Dj|
ACC(C[,DJ') = —
ICil
Cov(Cy. D) = 1S N Dil
i»j |Dj|
end
end

Néu u # i* thi Acc(C/,

u’

D’.) = Acc(Cy, D) va

|CuﬁDj*|

Cov(C,,D%.) = .
OV( u J) |Dj*| -1

Néui # i* va j # j* thi Acc(Cl.’,Dl’.) = Acc(C;,Dj) va
Cov(Cl.’,DJ’.) = Cov(C;, Dj).

Nhan xét: Khi thuc hién thao tic loai bd phan ti ra khéi
khbi quyét dinh c6 thé xdy ra truong hdp mot 16p tuong
duong diéu kién hodic mot 16p tuong duong quyét dinh c
thé trd thanh rdng. Khi d6 ta c6 hai trudng hop sau:

e NeuC/ =@ (i=1,...,m)thi G;ND; = @. Suy ra
|C: N Dj| = 0, nghia 1a tAt c& cdc phan tit ¢ dong i ctia
ma tran Acc(C’, D’) va dong i cia ma tran Cov(C’, D’)
déu bang 0.

« Néu D; =@ (i=1...h) thi G;ND; = 2. Suy ra
|Ci N DJ‘ =0, nghia 1a tit cd cic phan ti & cot j cla
ma tran Acc(C’,D’) va cOt j cia ma tran Cov(C’,D’)
déu bang 0.

Do d6, trudc khi tién hanh sinh cic luat quyét dinh c6 y
nghia thi ta cn thuc hién viéc loai bd cdc dong/cot clia ma
tran Acc va ma trdn Cov ma cé toan gia tri 0.

3. Cac thuat toan tinh gia tang Acc va Cov sau khi
b6 sung va loai bé cac phan tir

Sau day, phuong phap tinh cac ma trdn Acc va Cov trudc
khi bS sung va loai bd cic d6i tugng dudc trinh bay trong
Thuat toan 1. Phuong phap tinh gia ting cac ma tran Acc
va Cov sau khi b§ sung cic phan tit dugc trinh bay trong
Thuat toan 2. Phuong phap tinh gia ting cac ma tran Acc
va Cov sau khi loai bé cic phan ti dugdc trinh bay trong
Thuit toan 3. Cubi cung, phuong phap loai bd dong/cot
trong cidc ma trdn Acc va Cov ma cé toan gia tri 0 dudc
trinh bay trong Thuat toan 4.
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Thuat toan 2: Tinh todn gia ting cdc ma trin
Acc va Cov sau khi b sung cic phan tit

Thuat toan 4: Loai bd dong/cot trong cidc ma
tran Acc va Cov ma c6 toan gia tri 0

Dt liéu vao: .
o Cic 16p tuong duong dieu kién C; véii=1,...,m
o Cic 16p tuong duong quyet dinh D; véi j=1,...,h
o Tip AN chita N phan ti¥ bd sung

Dt liéu ra:
e Ma tran Acc(C’,D’) va ma tran Cov(C’,D’)

foreach x € AN do

p=0;

fori=1:m+pdo

q=0;

for j=1:h+gqdo

Thyc hién truong hgp (i) cia muc II1.2.1;

p=p+lvag=q+1;

end

if Vx¢g C; va3dj*:xe D then

Thuyc hién truong hgp (i) cia muc I1.2.1;
p=p+L

end

if 3" : x € C;» vaVj: x ¢ D; then

Thuyc hién truong hgp (iii) cia muc I1.2.1;
g=q+1;

end
if 3i* : x € Cj» va 3j* : x € Dy« then

| Thuc hién trudng hop (iv) chia muc 11.2.1;
end

end
end

Thuat toan 3: Tinh todn gia tdng cdc ma trin
Acc va Cov sau khi loai bé cdc phan ti

Dur liéu vao:
o Cic 16p tuong duong diéu kién C; v6ii=1,...,m
+ Cic 16p tuong duong quyét dinh D véi j=1,...,h
e Tap DM chia M phan ti bi loai bo

Dt liéu ra:
e Ma trin Acc(C’,D’) va ma tran Cov(C’,D’)

foreach x € DM do
fori=1:mdo
for j=1:hdo
| Thuc hién trudng hgp 6 muc 111.2.2;
end
end
end

4. Do phitc tap cta cic thuit todn tinh gia tang Acc
va Cov sau khi b6 sung va loai bé cic phan ti trén
khoéi quyét dinh

Ménh daé 7 Do phic tap thuit toan xac dinh Acc va
Cov 1a O(|UJ?).

Chiing minh: Ta c6 lyc lugng trung binh cda I16p tuong
duong diéu kién va 16p tuong duong quyét dinh tuong ting
12 |U|/m, |U|/h. Vi c6 tit cA m x h phan ti, nén d€ tinh
do chinh xdc va d6 phid ctia mot luat sé phép tinh can thuc

Dur liéu vao:
e Ma tran Acc(C’,D’)
e Ma tran Cov(C’,D’)
Dt liéu ra:
e Ma tran Acc(C’,D’) va ma tran Cov(C’,D’) sau khi da
loai bd dong/cot toan gia tri 0
/I Thyc hién x6a dong toan gid tri 0
fori=1:m+pdo

kt =0;
for j=1:h+qdo
if Acc(le,Dj’.) # 0 va Cov(C], DJ’.) # 0 then
kt=1;
break;
end
end
if kr = 0 then
Xo6a dong i, loai bd C/;
p=p-1
i=i—1;
end

end

/I Thyc hién x6a cdt toan gia tri 0.
for j=1:h+qgdo

kt =0;

fori=1:m+pdo

if Acc(Cl.’,D]’.) #0va Cov(Cl.’, D]’.) # 0 then
kt =1,
break;
end
end
if kt = 0 then
Xoa cot j, loai bd D]'.;
g=q-1
J=i-h
end
end
hién sé la
|—U—|><|—U—|><m><h=|U|2.
m h

Do d6 do phiic tap thdi gian ctia thudt toan nay 1a O(|U|?).

O

Ménh dé 8: Do phuc tap thuit todn tinh gia ting Acc
va Cov khi bS sung N dbi tudng 1a O(N|U|?).

Chiing minh: Khi b sung dbi tugng x, d€ kiém tra
xem x thuodc 16p tuong duong diéu kién nao ta can thuc hién
sm phép so sanh, d€ kiém tra x thudc 16p tuong duong quyét
dinh ndo ta cn s;, phép so sanh. Do d6, viéc kiém tra phan
th x mSi bd sung can s, + s, phép so sanh (s, va sp 12
s6 16p tuong duong diéu kién va s6 16p tuong duong quyét
dinh tuong Ung).

Cap nhat cdc ma tran Acc va Cov khi b8 sung x, ta ¢
bdn trudng hop sau.

(i) Néu hinh thanh mot 16p diéu kién méi va mot 16p
quyét dinh mdi thi ca hai ma trin Acc va Cov déu dudc bd



sung thém mot dong méi (ki hi€u la i*) va mot cot méi (ki
hiéu 1a j*). Nhu vay ta c6 Acc(C}., D7) = Cov(C}.,D}.) =
1; Acc(C[.’*,DJ'-*) = Cov(Cl.’*,Dj’.*) =0, G = 1,....5);
Acc(Cl.’*,Dj’.*) = Cov(Cl.’*,Dj’.*) =0,(i=1,...,s7). DO chinh
x4c va do phii clia cdc luat con lai khong thay déi. Do vay,
trudng hop nay chi can 2(s,, + s + 1) phép gan.

(i) Néu chi hinh thanh 16p diéu kién mdi, con sd 16p
quyét dinh khong d6i thi hai ma trin Acc va Cov dugc bd
sung thém dong mdi i* va x sé lam &nh hudng dén cot j*
clia hai ma tran nay. Nhu vy, x € C. va x € D’*, suy
ra C/. N D’ = {x} con C; N D’ khong déi néu u # i*
C.. OD’ = @ néu k # j*. Tu do ta co ACC(C’,D’) =
Cov(Cl.’*,Dj’.*) =1.Néuu # i* thi Acc(C}, Dj.) khong déi va

L IC, N D] |

Cov(Cy, D)) = W @)
Néu k # j* thi Ace(C..,D;) = Cov(C}.,D;) = 0. Bo chinh
x4c va do phd ciia cac ludt con lai khoéng thay ddi. Do
do, do phuc tap trong trudng hop nay phu thudc vao viéc
tinh Cov(C;, D}.). Khi dé, dé xac dinh Cov(C;, D)) ta can
sm—1 phép cong d€ tinh tong gid tri cac phan ti ctia cot j*,
Sm phép tinh Sup(C;, ’,D’ ). V6i mbi phép tinh Sup(C;, ’,D’ )
cin (|U|/sm) X (|U|/sk) phép tinh va s, phép chia. Tir do
suy ra sd phép tinh can thuc hién 1a

sm—1+smMM+sm=25m %—1
Sm Sk Sk

(iii) Néu chi hinh thanh 16p quyét dinh m&i, con sb 16p
diéu kién khong ddi thi tuong tu nhu trudng hop (ii) thi
ta chi can thay ddi cot thanh dong: j* thanh i*, tdng cot
thanh téng dong, Cov thanh Acc. Nhu vay, s phép tinh
trong truong hop nay 1a 2s,, + (|U|*/sm) — 1.

(iv) Néu khong hinh thanh 16p diéu kién méi, ciing khong
hinh thanh 16p quyét dinh méi thi viéc thuc hién trong
trudng hop niy tuong tuy véi viéc thuc hién dong thoi ca
hai trudng hop 2 va 3. Tir d6 sé phép tinh can thuc hién sé 1a

uP? IUI2

2(8m + sp) + — - 2.

Sm Sk
Do d6, véi mdi phan ti x dudc bd sung thi trudng hop xu
nhét ta phéi thuc hién s phép tinh 1a

U 2
2(s, + sh)(sm + 5+ —— U | | 2).
Sm Sk

Nhu vay, sb phép tinh cin thuc hién khi b& sung N phan
tir sé 1a
UP? U
2N(sm+sh)(sm+sh+u l | -2].
Sm Sk
Trong qué trinh tinh todn cdc ma trin Acc va Cov thi s,
dan t6i m+p, sy dan t6i h+q,do dé s, <m+p, sp, < h+gq
nén ta c6 thé coi s,, = m+ p, sp = h+ . T d6 suy ra sd
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phép tinh can thuc hién d€ cap nhat cho cic ma trin Acc
va Cov khi b6 sung N phan ti 1a

uPr | uP
+

-2].
m+p h+gq

Nm+p+h+q)|2m+p+h+q)+

Mait khac, vi m,h < |U|, suy ra dd phtc tap cia thuit
toan 1a O(N|U|?). O
Ménh deé 9: bo phuc tap thuét toan tinh gia ting Acc
va Cov khi loai bd M dbi tugng 1a O(M|U|?).
Chiing minh: Khi loai b dbi tuong x, dé kiém tra xem
x thuoc 16p tuong duong diéu kién nao ta can thuc hién s,
phép so sanh, d€ kiém tra x thudc 16p tuong duong quyét
dinh nao ta can s;, phép so sanh. Do d6, viéc kiém tra phan
tl x dé loai bd can s, +s;, phép so sanh (s, va s;, 1a s6 16p
tuong duong diéu kién va s6 16p tuong duong quyét dinh
tuong Ung).

Céap nhit cac ma trdn Acc va Cov khi loai bo x. Khi loai
boé x sé lam thay d6i dén dong i* va dén cot j* cua céc
ma trin Acc va Cov, do d6 thuc hién niy gidng nhu viéc
thuc hién trudng hop (iv) trong chiing minh ctia ménh dé 8.
Tir d6 suy ra s6 phép tinh can thuc hién khi x6a di M dbi
tugng trén khoi quyét dinh sé 1a

U Lo ?
M (s + sp)| 205 + sp) + —— -2].
Sm Sk
Tuong tu nhu ching minh § ménh dé 8, ta xem s, = m+p
va s, = h + ¢, khi d6 s6 phép tinh can thuc hién d€ cap
nhét cdc ma tran Acc va Cov khi loai bd M dbi tugng 1a

P P
Mm+p+h+q)2m+p+h+q)+ ——— + —— = 2].
m+p h+gqg
Do m,h < |U|, suy ra d0 phiic tap cia thudt toan la
oM |UJP). o

Ménh dé 10: bo phtic tap thuat toan x6a dong/cot cla
ma tran Acc va Cov c6 toan gia tri 0 1a o(U?).

Chitng minh: V6i mbi dong clia ma trin Acc va Cov
c6 toan gid tri O thi ta can thuc hién & +¢g phép kiém tra va
h+q phép xéa tliing phan ti ctia dong nay. Tiép d6 thuc hién
mot phép x6a C; ra khdi U/C va hai phép gan. Nhu viy ta
can thyc hién 2(h+q)+3 phép tinh d€ x6a mot dong. Trong
truong hop x4u nhét ta cin thuc hién (m + p)(2(h + q) + 3)
phép tinh dé x6a hét tit ca m+ p dong clia cic ma trin Acc
va Cov.

V6i mbi cot c6 tit ca cac phan ti bang 0 trong cic ma
tran Acc va Cov thi tuong tu nhu trén trong trudng hop xau
nhit ta can thuc hién (h + ¢)(2(m + p) + 3) phép tinh dé
x6a hét tit cd h + ¢ cot ciia cic ma tran Acc va Cov. Do
m,h < |U|, suy ra do phic tap ciia thut toan 1a O(|U|?).

O
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IV. KET LUAN

Tt nhiing thay d&i do viéc bd sung va loai bd cac phin
tt trén khoi quyét dinh, bai bao da phat biéu va chiing minh
mot sb tinh chét clia cac ma tran Acc va Cov, d& xuit mot
s6 thuit toan tinh gia ting ctia cdc ma trin do chinh x4dc va
ma trin do phi trén khdi quyét dinh va trén lat cat. Tir cac
thuat toan dé xuit, do phic tap cda ching ciing di dudc
phét biéu va ching minh. Nhiing két qua néi trén 1a co sé
dé gidp tinh gia ting ma trin do chinh xdc va ma trin do
pht trén khdi va trén lat cit, tif cac két qua d6 tim ra cdc
luat quyét dinh c6 y nghia trén khdi va trén 14t cit khi tap
ddi tuong trén khdi quyét dinh c6 thay d6i. Cic két qua
ndy ciing gép phan lam phong phii thém ting dung cta ly
thuyét thiét ké md hinh co sé dit liéu dang khdi.
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