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Tém tat: Bai toan Clique 16n nhit (Maximum Clique Problem) I bai todn tim tip con 16n nhét cta tip dinh trong don
dd thi v hudng, sao cho hai dinh phan biét trong n6 ludn ké nhau. Pay 12 bai todn ndi tiéng thudc 16p NP-complete, dugc
ting dung nhiéu trong cdc linh vuc khai thac dif liéu, phan tich mang, truy xuét thong tin, y hoc, gido duc va nhiéu linh
vuc khic lién quan dén mang udi toan cau. Cé nhiéu céch tiép can giai bai toan Clique 16n nhit nhu quy hoach dong,
nhanh-can, heuristic hay meta-heuristic — cho 15i gidi chinh xdc hay x4p xi. Trong bai bdo nay, nhém tic gia phan tich

hai thuat gii tiép can heuristic gan day va dé xuét cdc heuristic ting do chinh xdc cda 15i gidi cho bai toan Clique 16n
nhét. Phan thyc nghiém, nhém tdc gia so sanh chét lugng 15i gidi cla thuat gidi d& xuit trén 10 bo dif liéu tt DIMACS.

T khoa: clique Ion nhdt, tiép cdan Heuristic, NP-complete.

Heuristic Approach for Solving the Maximum Clique Problem on Simple Undirected and Unweighted Graph
The Maximum Clique Problem is the problem of finding the largest subset of vertices in a simple undirected graph,

such that two distinct vertices in it are always adjacent. This is a well-known NP-complete problem, widely applied in
the fields of data mining, network analysis, information retrieval, medicine, education and many other fields related to
World Wide Web. There are many approaches to solving the Maximum Clique problem such as dynamic programming,
branch and cut, heuristic or metaheuristic — for exact or approximate solutions. This article, the authors analyze two
recent heuristic approaches and propose heuristics to increase the accuracy of the solution for the Maximum Clique
problem. The experimental section, the authors compare the solution quality of the proposed algorithm on 10 datasets
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I. GIOI THIEU

Bai toan clique 16n nhit (Maximum Clique Problem —
MCP) 12 mét bai toan kinh dién ctia ly thuyét do thi thudc
16p NP-complete va c6 nhiéu ting dung linh vuc khoa hoc
mdy tinh, sinh hoc, tai chinh,.. dudc giai quyét thong qua
bai todn tim kiém cic Clique trong dd thi. Trong ting dung
thuc té, cac bai toan thudng dudc mo hinh hod bing dd thi
rit 16n va cin phdi c6 bd nhé luu tri di 16n cho qua trinh
thuc hién céac thuat toan. Nhom tac gia Pam Thanh Phuong
va dong su [16] da thao luin nhiing thach thidc tinh todn
tir ly thuyét dén thuc hanh ctia bén ting dung cu thé - cho
thiy khé khin trong thiét ké cac thuit todn phit hgp mang
hiéu qua cao.
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Trong vai nim tr§ lai ddy, c6 nhiéu cong trinh nghién
ctiu vé MCP va cdc ting dung khong lién quan dén mang
1u6i toan cau nhu: xdc dinh céc cu tric protein tuong dong
[2] — sinh hoc; theo d6i da muc tiéu [9] — thi giac may tinh;
phan cum dién ndo dd [12] — y hoc; xép hang cic trudng
dai hoc [13] — gido duc;... Nhom tac gia dua vao cong trinh
khéo sat [10], c6 thé phén loai cdc nghién ciu giai bai todn
MCP theo hai nhém chién lugc tiép can:

Chién lwge tim kiém 16 giai chinh xdc: Thuit todn quy
hoach dong [1], thuit todn nhanh-cin [2, 4, 8]. Chién ludc
ndy chi thich hop thuc hién trén cic dd thi c6 kich thudc
nhé va cho thoi gian thyc thi 1a cao. Trong ky nguyén bung
nd dit lidu ctia cdc linh vic — DAy thuc su 12 thch thic 16n



trong linh vuc nghién ciu ly thuyét t6i uu t3 hop. Chién
luge nay con la co sd cho danh gia do chinh xdc cua cac
gidi thuat cho 16i giai gan ding.

Chién luge tim kiém 10i giai gan ding: Pay 1a gii
phép lya chon cho cac bai toan c6 thdi gian thuc thi la
cao va c6 thé chip nhan 15i gidi gan ding; chién ludc nay
thudng dua vao kinh nghiém d€ dua ra cdc heuristic cho
titng bai toan hoic dit lidu cu thé — khong chic hiéu qua cho
tAt ca; goi 1a cdc giai thuat heuristic. Giai thut heuristic
lam gidm déng k€ thoi gian thuc thi — uu di€ém ndi bat; mot
sb giai thuat heuristic giai bai toan MCP: [3, 5, 14, 18, 19],
v.v.. Ngoai ra, chién ludc nay con sit dung két hop nhiéu wu
diém cua tiing giai thuat heuristic — goi 1a meta-heuristic.
Gan day ciing c6 nhiéu nghién ciiu st dung cic giai thuat
meta-heuristic giai bai toan MCP — giai thuat biy ong [11],
giai thuat t6i Gu dan kién NACO [6], KLS_improve [17],
V.V..

Nim 2019, nhém tic gia Phan Tan Qudc va Huynh
Thi Chau Ai da dé xuit heuristic cai tién thuat gidi
MAXCLIQUEHEUI [15] va MAXCLIQUEHEU?2 [5] cho
16i gidi chit lugng chua tot & mot sb6 bo dif liéu tif hé théng
DIMACS (10 bd dit liéu 6 Bang 2). Vi vdy, nhom tic gia
chon nghién ctiu dé xuit cac heuristic hiéu qui cho viéc
gia ting chét luong cta 15i giai.

Trong nghién cdu nay, nhom tic gia tip trung phén tich
hai giai thuat heuristic [18] va dé xuit cdc heuristic hiéu
qua lam gia ting chit lugng 15i gidi cho bai toan MCP dua
trén cac tinh toan théng ké phi hop. Trong Phan 2, trinh
bay cdc khdi niém co ban vé bai toan Clique 16n nhét va
phan tich mot sb thuat gidi gan day. Phan 3, trinh bay thuat
gidi dé xudt MCP-HEU* x4c dinh nhanh Clique 16n nhét
ctia don do thi vo hudng khong c6 trong s6. Két qua thuc
nghiém dugc trinh biy trong Phan 4 va két luin & Phan 5.

II. KHAO SAT MOT SO HEURISTIC GIAI BAI
TOAN CLIQUE LON NHAT

Trong phan nay, nhém tic gia trinh bay cdc khai niém
lién quan bai toan Clique 16n nhit va dong thdi phan tich
2 giai thuat gan day cia nhém tdc gia Phan Tin Qudc va
Huynh Thi Chau Ai [18, 19].

1. Bai toan Clique 16n nhéit

Cho G = (V, E) 1a don db thi vd huéng khong c6 trong
s6, c6 V 1a tip chifa cic dinh ctia do thi, E 1a tip chia cic
canh trong d thi. Tap cdc dinh lién ké v6i dinh vi, ky hiéu
adj(v;); bac cha dinh v; 1a lyc lugng cta adj(v;), ky hiéu
deg(v;) va deg(v;) = ladj(v;)l.

Dinh nghia 1: (Complete Graph) Do thi day dii n dinh
la don dd thi vo huéng ma giita 2 dinh bét ky trén do thi
ludn c6 canh néi, ky hiéu K,,.
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Pinh nghia 2: (Clique) VK,>; € G = (V, E), cac tap
dinh ctia do thi K, dudc goi la cac Clique ctia do thi G.
Ky hiéu, Cs 1a mot Clique cta do thi G.

Tinh chét 1: S6 luong dinh (kich thudc) ciia mot Clique
C ctia dd thi G, ky hiéu 1a |C|. Néu v; € |C| thi |C] <
degg(vi) + 1.

Dinh nghia 3: (Maximal Clique - Clique cuc dai) Cg
la mot Clique ctia d6 thi G dudc goi 1a mdt Clique cuc
dai, néu khong ton tai C; 2 Cg va |Cg| > |Cgl. Ky hiéu,
Chaximar 12 Clique cuc dai ctia dd thi G.

Pinh nghia 4: (Maximum Clique - Clique 16n nhit) Cg
la mot Clique ctia dd thi G dudc goi 1a mdt Clique 16n
nhit, néu khong ton tai C;, > Cg va |Cg| > |CL|. Ky
hiéu, Cpraximum 12 Clique 16n nhit ctia dd thi G.

Pinh nghia 5: (Clique number - Chi s6 Clique) 1a sb
luong dinh ctia Cazaximuwn Clique 16n nhit cta db thi G.
Chi s6 Clique ctia do thi G, ky hiéu 1a w(G).

Tinh chét 2: (dua vao dinh nghia 3 va 4) Mot Clique
16n nhit 1a mot Clique cuc dai, nhung mot Clique cuc dai
chua chic da 1a mot Clique 16n nhét.

Tinh chét 3: (dua vao dinh nghia 4) Do thi c¢6 thé c6
nhidu Clique c6 kich thudc bang Clique 16n nhét.

Bai toan tim Clique 16n nhit

Cho G = (V, E) 1a don d6 thi vo huéng khong c6 trong sb.
Bai toan tim Clique 16n nhit (Maximum Clique Problem -
MCP) 1a bai toan tim mét Clique 16n nhét (theo dinh nghia
4) trong dd thi da cho.

Cho G 1a don do thi vé huéng khong c6 trong s6, c6 18
dinh va 26 canh nhu & Hinh 1.

Hinh 1. Pon db thi vé huéng G cho vi du

Bang 1, cho thiy dd thi G c¢6 s lugng phan td clia tap
Clique, Clique cuc dai va Clique 16n nhét 1an lugt 1a 37, 9
va 1 — s6 lugng cic Clique rat 16n so v6i Clique cuc dai
va Clique 16n nhat. Pong thdi cho thiy Clique 16n nhét cia
dd thi 1a {8, 9, 10, 11} va chi s6 Clique w(G) = 4.

2. Mot sb giai thuat giai bai toan Clique 16n nhét
Nim 2019, nhém téc gid Phan Tin Qudc cung dong

su da cai tién thuit toan MAXCLIQUEHEUI1 [15] cia

nhém tac gia Vi Dinh Hoa va MAXCLIQEHEU?2 [5] cia
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Bang I
TAP CLIQUE, CLIQUE CUC PAI VA CLIQUE LON NHAT TREN PO THI G.

Tap Clique
#C=37)

Tap Clique 16n nhét
H#HCrraximum=1)

Tap Clique cuc dai
#HCrmaximar=9)

{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {1, 7}, {1, 8}, {2, 3}, {4, 5},
{6, 7}, {8, 9}, {8, 10}, {8, 11}, {9, 10}, {9, 11},{10, 11}, {10, 12},
(12, 13}, {12, 14}, {12, 15}, {12, 16}, {12, 17}, {12, 18}, {13, 14},
(15, 16}, {17, 18}, {1, 2, 3}, {1, 4, 5}, {1, 6, 7}, {8, 9, 10}, {8, 9,
11}, {8, 10, 11}, {9, 10, 11}, {12, 13, 14}, {12, 15, 16}, {12, 17,
18}, {8, 9, 10, 11}

{1, 8}, {10, 12},{1, 2, 3}, {1, 4,
53, {1, 6, 7}, {12, 13, 14}, {12,
15, 16}, {12, 17, 181, {8, 9, 10,
11}

{8,9, 10, 11}

Algorithm 1: HEU1 - xac dinh kich thuéc Clique
16n nhéit cta dd thi.

Algorithm 2: HEU2 - xac dinh kich thuéc Clique
16n nhéit cta dd thi.

1 Inputs: Db thi G = (V, E).
2 Outputs: Kich thusc Clique 16n nhit - wg.

3 begin

4 WBest = 0;

5 CMaximl{m ={o});

6 while diéu kién ding chua théa do

7 U={o}

8 while V # {&} do

9 S = {k dinh thudc V c6 bic 16n nhat};
10 Chon nglu nhién dinh v € S ;

11 U=UU{v};

12 V=V-{v}h

13 X6a cic dinh khong k& véi dinh v ra khoi V;
14 Cip nhat bac cac dinh trong V

15 end

16 if |U| > wpes: then

17 wBest = |Ul;

18 Cap nhit Cyraximum = U;

19 end
20 end

21 return wpges:t;
22 end

nhém tic gia Pattabiraman cling dong su; thuat toan cai
tién 1an lugt c6 tén goi 1a MAXCLIQUEHEU1_improve va
MAXCLIQUEHEU?2_improve [18] — d€ thuén tién trong
viéc phan tich, chiing toi st dung tén tit cho 2 thuat toan
cai tién trén 12 HEUI va HEU2. Cic gidi thuat cai tién
HEU1, HEU2 dugc trinh bay:

Phin ma gia thuat gidi HEU1 cai tién tif MAXCLIQUE-
HEUI [15] - Thuét giai 1

Trong gidi thudt HEU1, nhém tdc gid da bS sung dong 9
va 10 — chon k dinh thudc V c6 bac 16n nhit (dong 9), st
dung chién lugc chon ngiu nhién (dong 10) va gidi thuat
dugc 1dp lai nhiéu lan (diéu kién diing — dong 6) cho viéc
chon 15i gidi tot hon.

Uu diém: D& hiéu, don gian khi st dung chién lugc tham
lam — “dinh c6 bac 16n nhét thi ¢6 nhiéu kha ning 1a dinh
thuoc Clique 16n nhét”;

Nhugc diém: Chon tap S gdm k dinh c6 bac 16n nhit —
can x4c dinh k 12 bao nhiéu cho phit hop ting bd di liéu,

1 Inputs: Db thi G = (V, E).
2 Outputs: Kich thusc Clique 16n nhét - wg.

3 begin

4 WBest = 0;

5 CMaximl{m = {G};

6 while diéu kién ding chua théa do

7 Chon ngiu nhién dinh v € S;

8 if deg(v;) > max then

9 U={ec};

10 foreach v; € adj(v;) do

1 if deg(v;) > max then

12 | U=sUU{v;};

13 end

14 while V # {2} do

15 S = {k dinh V c6 bac 16n nhit tir
V)

16 Chon ngiu nhién dinh v € S ;

17 U=U- {v};

18 Chi giif lai dinh u € U: (u ké véi
dinh v va deg(u) > max);

19 max = max + 1;

20 end

21 end

2 if |U| > max then

23 | max = |UJ;

24 end

25 end

26 if max > wpes; then

27 WPBest = Max;

28 Cap nhét Cyraximum = U;

29 end

30 end

31 return wpges:;

32 end

diéu nay cho ta thiy chét luong ctia 15i gidi phu thudc vao
tap dinh c6 bac 16n nhéit dugc lua chon.

Phin ma gi4 thut gidi HEU2 céi tién tit MAXCLIQUE-
HEU2 [5] - Thuat gidi 2

Tuong ty, & gidi thuat HEU2, nhoém tac gid da bd sung
dong 16 — chon k dinh thudc U c6 bac 16n nhit va chién
ludc chon ngau nhién (dong 16) va gidi thuat dugc lip lai
nhiéu 1an (diéu kién diing — dong 6) cho viéc chon 18i giai
tot hon. Phan wu va nhude diém ciing tuong tu nhu & thuat
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giai HEU1.

Trong ca 2 giai thudt HEU1 va HEU2, nhom tac gia da
lua chon k = 10% dinh c6 bac 16n nhit cuing chién lugc
chon ngau nhién va s6 1an lip lai 1a 30 lan (diéu kién diing)
— chit luong ctia 18i gidi phu thudc vao k.

Phan thuc nghiém ctia ca 2 giai thuat HEU1 va HEU2
trén 37 bo dit lidu tir hé thong thach thiic DIMACS cho chét
lugng cla 16i gii tot hon ca 2 gidi thuat MAXCLIQUE-
HEU1 vd MAXCLIQUEHEU2. Tuy nhién, chét lugng 15i
gidi tt HEU1 va HEU2 chi dat tir 69,00% dén 100,00% va
tir 72,00% dén 100,00% so v6i két qua toi uu (wpes: ).

Bang IV, cdc dinh ctia don dd thi G vd huéng khong cé
trong s6 dudc sap xép giam din theo bic.

Bang II, mo ta két qua thuc nghiém trén 10 bd dit lidu
tir hé thdng DIMACS (10 bo dit liéu cho 15i gidi c6 chét
luong thip trong 37 bd dit liéu) - gdm cac thong tin sau:
Tén bo dit liéu, |V| 1a s6 dinh, |E| 12 s6 canh, deg,n;, 12 bic
cuc ti€u, degmax 12 bic cuc dai, median 12 gid tri trung vi
cua bic cac dinh, iqr la do trai gitta cia bac cac dinh (Q3-
Q1), wpes; 1a chi s6 Clique tot nhat hién nay [7], WHeu
VA WHeu-

Minh hoa thuét giai HEUI theo dd thi G ¢ Hinh 1.

Bang III, bac ctia cic dinh trén don dd thi G vd hudng
khong c6 trong s theo thi tu cic dinh.

Tu Bang III, thuat giai HEU1 va HEU2 chon k = 10%
dinh c6 bac cao nhit trén dd thi G. Khi d6, tap S = {1,
12}: gia st chon ngau nhién dinh 1 — két qua tra vé chi sb
Clique wpes;= 3; dua vio Bang I, ta thiy v6i wpess = 3
chua phai 12 10i giai tét (w(G) = 4). Tit minh hoa va phéan
tich trén, nhom tac gia chi ra riang khi chon k = 10% dinh
c6 bac cao nhit va chon ngiu nhién — day chi 1a cac lya
chon mang tinh chi quan cia nhém tac gia [18]. Qua do,
cho thiy d€ giai bai toan Clique 16n nhat cho 15i gidi chét
luong t6t khong chi dua vao yéu td ngiu nhién va cam tinh.
Rét can thiét cho viéc dé xuét heuristic phu hop hon cho
bai to4n tim Clique 16n nhat.

1L PE XUAT HEURISTIC GIAI BAI TOAN
CLIQUE LON NHAT

Phan dé xuét thuat gidi hiéu qua cho bai toan tim Clique
16n nhét, nhom tic gia dua trén nén tang thong ké va phan
tich dé xuét cdc heuristic phu hop cho bai todn tim Clique
16n nhét.

1. Mot s6 dai lugng mé ta su phan bd cha dit liéu
trong thong ké

Quy tic ba Sigma 68-95-99,7 (Empirical Rule). Day
la quy tic da kiém ching thuong dudc sit dung trong théng
ké dé du bdo cic két qua cudi cling.
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Hinh 2. Quy tic ba Sigma - gi tri trung binh g va do 1éch chuin
o

Hinh 2, theo quy tic ba Sigma c6 68% quan sit nam
trong do léch chuidn dau tién (u + o), 95% quan sit nim
trong hai do 1éch chuin diu tién (u + 20°) va 99,7% nim
trong ba do 1éch chudn dau tién (u + 307). Ngoai ra, quy tic
ba Sigma con cho thdy 15,70% cic gi4 tri 16n nhit thudc
[u+0o,u+30].

Hinh 3, minh hoa cac phan vi (Quartiles) va do trai gitra
(Interquartile Range - IQR). Céac phan vi la dai lugng mo
td su phan bd va sy phan tin cda tip dif liéu, gom c6 3
gia tri: phan vi thi nhét (Q1), thi hai (Q2) va thd ba (Q3)
— chia tap di liéu thanh 4 phan c6 s ludng quan sit déu
nhau; do trdi gifta cla tap dif liéu 1a hiéu sb gitta phan vi
thd ba va thi nhét, cong thic tinh theo phuong trinh sau:

IOR =03 - 01 (1

QR =05 -01

8] Q2

I 25% ‘ 25%
.

Q3
25% I 25% |
-

v
Interquartile Range

=Q3-Ql

Hinh 3. Cac phén vi (Quartiles) va do trai gitta (InterQuartile
Range )

Mot vai quan sat dién hinh tit Bang II: ta thiy bo dif liéu
"hamming10-4” ¢6 1.024 dinh va cac dinh c6 bic bing
nhau 848, 15i giai clia ca 2 gidi thuat déu cho chit lugng
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Bang 1T
KET QUA THUC NGHIEM cUA HEU1 vA HEU2 TREN 10 BO DU LIEU TU DIMACS

Dir liéu V| |E| degmin degmax median iqr WBest WHeul WHeu?
brock400 2 400 59.786 274 328 299 10,00 29 24 24
brock800 2 800 208.166 472 566 512 18,00 24 19 20
brock800 4 800 207.643 481 565 519 18,25 26 19 19
C2000.9 2.000 1.799.532 1.751 1.848 1.800 18,00 80 66 62
C4000.5 4.000 4.000.268 1.895 2.123 2.001 42,00 18 16 16
gen400 p0.9 55 400 71.820 334 375 360 13,25 55 50 50
gen400 p0.9 65 400 71.820 333 378 361 14,00 65 48 50
gen400 p0.9 75 400 71.820 335 380 359 13,00 75 52 54
hamming10-4 1.024 434.176 848 848 848 0,00 40 34 33
keller6 3.361 4.619.898 2.690 2.952 2.724 50,00 59 43 49
Béng IIT

BAC CUA CAC PINH TREN PO THI G THEO THU TU CAC PINH.

Pinh | 1|2 (3|4 |5|6|7 |8 |9 |10 |11 |12 |13 |14 | 15| 16 | 17 | 18
Bac |7 |2 |2 2|2 |2|2|4]|3 4 3 7 2 2 2 2 2 2

. Bang IV .
CAC PINH TREN PO THI G PUGC SAP XEP GIAM DAN THEO BAC.

Pinh | 1|12 8|10 |9 |11 |2 |3 |4 |5|6 |7 |13 |14 | 15|16 | 17 | 18

) Bang V
KET QUA THUC NGHIEM TREN 10 BO DU LIEU TU DIMACS

Dit liéu VI |E] degmin degmax WBest WHeul WHew2 WHeuls WHeuls
brock400 2 400 59.786 274 328 29 24 24 26 28
brock800 2 800 208.166 472 566 24 19 20 22 24
brock800 4 800 207.643 481 565 26 19 19 23 24
C2000.9 2.000 1.799.532 1.751 1.848 80 66 62 75 77
C4000.5 4.000 4.000.268 1.895 2.123 18 16 16 17 18
gen400 p0.9 55 400 71.820 334 375 55 50 50 52 53
gen400 p0.9 65 400 71.820 333 378 65 48 50 61 63
gend400 p0.9 75 400 71.820 335 380 75 52 54 67 71
hamming10-4 1.024 434.176 848 848 40 34 33 36 38
keller6 3.361 4.619.898 2.690 2.952 59 43 49 53 57

xAp xi nhau 85% va 82,25% ; bo dit lidu "gen400 p0.9 75" 2. Thuét giai HEU* cho bai toan tim Clique 16n nhit
¢6 400 dinh va do trai 1a 55 (Range = degmin - degmax =

380 — 335 = 55) cho thdy cdc dinh tuong ddng rit nhiéu — Trong phan ndy, nhém tic gia trinh biy thuat giai dé xut
ca 2 giai thuat déu cho 18i gidi chét luong thip 69,33% va  tim Clique 16n nhat dya vao mot so heuristic d¢ xuat nhu
72%. sau:

Heuristic_0: (dua vao tinh chit 1) Diéu kién ngit trong
qué trinh tim Clique 16n nhit, néu chi s6 Clique wgey; >
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Algorithm 3: MCP-HEU* - xac dinh kich thudc
Clique 16n nhét ctia do thi.

1 Inputs: Do thi G = (V, E).
2 Outputs: Kich thuéc Clique 16n nhit - wg.

3 begin

4 WBest = 0;

5 Chon tap S theo heuristic_1 hodc heuristic_2;
6 foreach v; € S do

7 U ={o},

8 foreach v; € adj(v;) do

9 If deg(vj) > wpes: U=UU{v;};
10 while V # {@} do

11 Chon v € U c6 bic 16n nhit;
12 U=U- {v};

13 Chi giit lai dinh u € U: (u k& véi dinh v

va deg(u) > WBest);

14 WBest = WBest + 13

15 end

16 if |U| > wpes; then

17 ‘ WBest = |U|

18 end

19 end

20 end

21 return wpges:t;
22 end

deg(v;) +1 (v; la cac dinh con lai trong tip S).

Dua vao quy tic ba Sigma, nhém tac gia dé xuit heuristic
sau:

Heuristic_1: Chon k = 16% (lam tron tit 15,70%) dinh
c6 béc 16n nhit - nghia la chon tir dinh ¢6 bac 16n nhit dén
dinh c6 bac xAp xi gid tri (u+0) dudc lam tron xudng (liy
phan nguyén);

Vi du 1: theo d6 thi G ¢6 18 dinh va 26 canh, véi k =
16% tuong tng tap S c6 3 dinh tit dinh c6 bac 16n nhét
dén dinh c6 bac xip xi (u+0) =4 (u=2,89;0 = 1,64).

Tuong tu, dua vao gia tri trung vi median va do trai gitra
iqr (xdc dinh Q1, Q2, Q3) — nhém tic gia dé xuat heuristic
cho viéc chon dinh tiém ning trong tip S:

Heuristic_2: Chon k = 16% dinh c6 bac 16n nhét theo
ty 1€ 8 : 5 : 3 trén tiing kho&ng phén vi - chon ngiu nhién
8% dinh c6 bac thudc [Q3, degmax]; 5% thudc [Q2, Q3]
va 3% thuoc [Q1, Q2]. Ty 1& 8 : 5 : 3 c6 thé tuy bién.

Vi du 2: theo dd thi G c¢6 18 dinh va 26 canh, median =
2,iqr =1 (Q1=2, Q2 =2, Q3 = 3), degmin = 1, degmax =
7. Khi do, chon ngiu nhién 8% dinh c6 bac thuoc [3, 7];
5% dinh c6 bac thudc [2, 3] va 3% dinh c6 bac thudce [2,
2] — két qui nhan dugc téng s6 dinh thudc tip S cé thé
16n hon k = 16% do lam tron (8% chon 2 dinh; 5% chon
1 dinh va 3% chon 1 dinh — ¢6 4 dinh dudgc chon cho tip
S).

Trong nghién cdiu nay, nhom tdc gia chon gidi thuat
HEU2 cho thuc nghiém cii tién thay thé cdc heuristic vira
trinh bay & trén.
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Thuat giai MCP-HEU1* la thuat giai 6 dong 2 st dung
heuristic_1; thuat giai MCP-HEU2* la thudt gidi dung
heuristic_2 & dong 2. O ca 2 thuat giai, tip S dudc chon
trude va day 1a tap chia cac dinh tiém ning thudc Clique
16n nhat.

IV. THUC NGHIEM VA PANH GIA

Thyc nghiém trén mdy tinh Core 17-3540M CPU 3.0
GHz, 4Gb RAM, thuit toan cai dat trén C#, Microsoft
Visual Studio 2015. Dt li€u thuc nghiém. DU li€u dugc
chon tir hé théng DIMACS cho thach thifc gidi bai todn
Clique 16n nhét gdm c6 37 bd dit liéu [7]. Tuy nhién, nhém
tac gia chi chon 10 bd di liéu (giai thudt HEU1_improve,
HEU2_improve cho 15i gidi chit lugng chua t6t, xip xi 70%
) theo Bang V cho phan thuc nghiém so sianh do chinh xac
cung v6i 2 gidi thuat HEU1_improve, HEU2_improve [18]
— thuén tién cho viéc so sanh két qua thuc nghiém, nhém
tac gia viét tit tén clia 2 giai thuat trén 12 HEU1 va HEU2.

Bang V, m6 ta 10 bo di liéu thuc nghiém tit hé thong
DIMACS - gdm céc thong tin sau: Tén bo dit liéu, |V| 1a
s6 dinh, |E| 14 s6 canh, degmin 12 bac cuc ti€u, degmax 12
bic cuc dai, wpes 12 chi sb Clique tot nhit hién nay [7],
wgeul, wgeu2, wgeulx va wyeux.
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Hinh 4. Chi s6 Clique clia cc thuat gidi trén 10 bd dit lidu tir
DIMACS

Hinh 4, cho thdy chit luong 10i gidi cia 2 thuat giai
HEU1* va HEU2* tt 88,46% dén 100% t6t hon HEUI,
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HEU2. Ngoai ra, thuit toan cling can thuc nghiém thém
trén nhiéu bo di liéu c6 mat do khac nhau, ciing nhu trén
nhiéu di liéu ¢d 16n.

Th&i gian tim Clique lén nhit
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Hinh 5. Thoi gian (gidy) tim MCP cua cédc thuit giai trén 10 bo
dir liéu

Hinh 5, cho thiy thdi gian xdc dinh chi s6 Clique
ctia thuat gidi HEU* nhanh hon HEU2 rit nhiéu — do
heuristic_1 va heuristic_2 dugc chon trudc véi ty 1€ phu
hgp trén cac khoang.

Tém lai, cdc heuristic dugc dé xuit mang lai hiéu qua
cao vé chét lugng 15i gidi va thoi gian thuc hién nhanh hon
céc giai thuat gin day.

V. KET LUAN

Nhom tic gia di phan tich uu va nhudc diém ctia mot s6
thuat gidi gin day va dé xuit cic heuristic tim Clique 16n
nhét véi chét luong 16i gidi t6t hon. Ty 1é & heuristic_2 c6
thé diéu chinh tiiy bién va mé rong trén bdn khoang phan
vi.

Dua trén két qua dat dugc tif thuc nghiém: Tuong lai,
nhém tic gid md rong gidi thuat d€ cé thé gidi bai toan
Clique 16n nhit trén do thi vo huéng c6 trong sd canh va
dinh; dong thdi nghién ciu dé xuit cdc heuristic ciing nhu
két hgp céc heuristic nhiam nang cao chit lugng 10i giai.
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