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Abstract: In binary classification problems, two classes of data seem to be different from each other. It is expected to be
more complicated due to the number of data points of clusters in each class also be different. Traditional algorithms as
Support Vector Machine (SVM), Twin Support Vector Machine (TSVM), or Least Square Twin Support Vector Machine
(LSTSVM) cannot sufficiently exploit information about the number of data points in each cluster of the data. Which may
be effect to the accuracy of classification problems. In this paper, we propose a new Improvement Least Square - Support
Vector Machine (called ILS-SVM) for binary classification problems with a class-vs-cluster strategy. Experimental results
show that the ILS-SVM training time is faster than that of TSVM, and the ILS-SVM accuracy is better than LSTSVM

and TSVM in most cases.
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Tén bai:

Tém tat:

Mot Cai Tién Clia Mdy Véc-to Tua Song Sinh Ding Binh Phuong Ti Thiéu
Trong bai toan phan loai nhi phén, hai 16p dit liéu thudng khéc biét nhau. Phiic tap hon 1a s6 lugng cic diém dit liéu

ctia mi cum trong méi 16p ciing khac nhau. Cac thuit todn phan loai truyén théng nhu Mdy Véc-to Tua (SVM), Mdy
Véc-to Tua Song Sinh (TSVM) hay M4y Véc-to Tua Song Sinh Dung Binh Phuong T6i Thiéu (LSTSVM) khéng khai
thac dy di thong tin vé s6 lugng cic diém trong mdi cum. Diéu nay c6 thé anh hudng dén do chinh xdc clia bai toan
phén loai. Trong bai niy, chiing toi gi6i thiéu mot thuit todn phan loai nhi phan méi, 1a cai tién cia LSTSVM (dudc
2oi 1a ILS-SVM) vdi chién lugc 16p-vs-cum. Cac két qua thuc nghiém chi ra rang thoi gian huin luyén ciia ILS-SVM
la nhanh hon cda TSVM, do chinh xdc cia ILS-SVM Ia tot hon LSTSVM va TSVM trong hiu hét cic trudng hop.

Tu khoa:

Mdy véc-to tua, mdy véc-to twa song sinh, mdy véc-to tua song sinh ding binh phuong ti thiéu

I. INTRODUCTION

In the early years of the 20th century, the Support Vector
Machine (SVM) [1, 2] was a popular binary classification
algorithm applied to many different fields in practice [3—
7]. The SVM seeks a hyperplane separating two classes so
that the margin between them is largest. Actual data is often
established with different clusters, but SVM does not fully
exploit information about the number of data points of the
clusters.

Nowadays, with rapid development, datasets are increas-
ing in number and diversifying in structure. This fact
requires classification algorithms to guarantee accuracy
and improve the speed. Many variants of SVM have been
recently proposed to improve the speed and other task of
standard SVM [6-10]. Some typical innovations of SVM
are Twin Support Vector Machine (TSVM) [11], Structural
Twin Support Vector Machine (S-TSVM) [12], and Least

Square Twin Support Vector Machine (LSTSVM) [13]. The
main idea of TSVM is to seek two hyperplanes such that
each hyperplane is closer to one class and far away from
the other by solving two Quadratic Programming Problems
(QPPs) whose size are smaller than the QPP in SVM.
Despite having to solve two QPPs, the speed of TSVM
is approximately four times faster than standard SVM. S-
TSVM has the same strategy as TSVM. Besides, S-TSVM
fully exploits structural information with cluster granular-
ity into learning the model to build a more reasonable
classifier. LSTSVM has the same strategy as TSVM and
S-TSVM. But, LSTSVM attempts to solve two modified
primal problems of TSVM, instead of two dual problems
usually solved. LSTSVM shows that the solution of the
two modified primal problems reduces to solving just two
Systems of Linear Equations (SLEs) as opposed to solving
two QPPs in TSVM.



Based on the strategy of S-TSVM and LSTSVM, we
propose a new binary classification model: Improvement
Least Square - Support Vector Machine (called ILS-SVM)
with a class-vs-cluster strategy. Instead of solving two SLEs
as in LSTSVM, ILS-SVM will solve (/+k) SLEs, where k
and / are the number of clusters in class {+} and class {-},
respectively. This method allows ILS-SVM to effectively
improve computation speed and classification accuracy.

The paper is organized as follows. Section 2 briefly
introduces the background of SVM, TSVM, and LSTSVM;
Section 3 is devoted to a detailed description of ILS-SVM
along with the algorithms and discussions; All experimen-
tal results are presented in Section 4, together with the
comparative evaluation; The conclusion is given in Section
5. All algorithms are settled by version 3.8.3 of Python
Programming Language.

II. BACKGROUND

In this section, we first briefly describe the background
of SVM, TSVM, and LSTSVM.

1. Problem

Consider a binary classification problem with the dataset,
denoted by matrix C, consisting of m points (each point is a
row of C) XJT. eR", j=1,..., m. We also write x; € C to
indicate that X; is a row of C. Suppose that y; € {-1,1} is
the j—th data point label. Class {+} consists of m4 points
denoted by a matrix A Cc R™4*" class {—} consists of mpg
points denoted by a matrix B c R™8*", There are k clusters
in class {+}, whose i—th cluster consists of m,4; points and
is denoted by matrix A; c R™4i*" Also, there are [ clusters
in class {—}, whose j—th cluster consists of mg; points and
is denoted by matrix B; c R™8/%",

2. Support Vector Machine

Standard SVM [1] seeks a hyperplane w/x + b = 0
separating class {+} and class {—} such that the margin ﬁ
between two classes is largest. However, Standard SVM is
only available when the data is linearly separable. In the
case when the data is not linearly separable, Soft SVM [1]
is recommended with the more loser constraints:

: T 1 2

wibe € ¢+ 20wl (1

st. D(Cw+eb)+&>e €20,
where D € R"™ is the diagonal matrix with D;; = y;; VJ,
& € R™ is the vector of slack variables, ¢ € R is the penalty
coefficient, appropriately selected to adjust the role between
terms in the objective function, e € R is the vector of
ones. A new data point x will be classified in class {+} if
sgn(f(x) = w/x+b) > 0 and in class {-} if sgn(f(x)) < 0,
(see Figure 1.a).
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3. Twin Support Vector Machine

Based on the strategy of Multisurface Proximal Sup-
port Vector Classification via Generalized Eigenvalues
(GEPSVM) [14], the main idea of TSVM [11] for binary
classification problem is to seek two hyperplanes:

e fi(x)(= wIx+b,) = 0 is closer to class {+} and far
away from class {-},

e f(x)(=wlx+b_)=0is closer to class {-} and far
away from class {+}

by solving two QPPs as follows:

. 1 2 T
min 5 ||[AW; +eqb. |5+ crenpé
Wobpg 2T T2 B>> )

st. —(Bwy+egb,)+E& >ep, € >0,

. 1 2 T
min  5||Bw_+egb_||5 + c2e,n,
wobiy 2 2 A 3)

st.  (Awi+esb)+n >eus, n>0.

Where cj, cp are penalty coefficients to adjust the role
between terms in the objective functions, e4 € R™4, ep €
R™5 are vectors of ones, § € R™8, n € R™A are vectors
of slack variables. A new data x is classified into class
{+} or class {-} depending on whether it is closer to the
hyperplane f.(x) = O or the hyperplane f_(x) = 0, (see
Figure 1.b). It has been shown in [11] that the training
time of TSVM is approximately four times faster than that
of SVM.

4. Least Squares Twin Support Vector Machine

LSTSVM [13] modifies the primal problems (2) and (3)
of Linear TSVM in a least squares sense, with the inequality
constraints replaced by equality constraints as follows:

. 1 2, 1. T

min 5 ||AW; +eaby||5 + 5c1ETE,

woby 2 + +lly T2 @)
S.t. —(BW+ +e3b+) +§ =ea,

: 1 2, 1. .T

min  5||Bw- +egb_||5+ 5con’' 1,

wop 2 273 )
s.t. (Awy+eaby)+1n=e4.

Note also that the QPPs (4) and (5) use the square of
2—norm of vectors of slack variables & and i with weights
5 and 3 instead of 1-norm with weight ¢; and ¢, as used
in (2) and (3), which makes the constraints & > 0 and g > 0
redundant [13]. A new data point is assigned into class {+}
or {—} in the same manner as in TSVM, (see Figure 1.c). It
has been shown in [13] that the training time of LSTSVM
is faster than that of TSVM (see TABLE 1).
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c
Figure 1. The SVM (a), TSVM (b), and LSTSVM (c) cannot fully
exploit information about the number of data-points of clusters in
each class.

III. IMPROVEMENT LEAST SQUARE - SUPPORT
VECTOR MACHINE

In this section, we describe a new classification algo-
rithm: Improvement Least Square - Support Vector Machine
(called ILS-SVM).

Similar to the S-TSVM [12], ILS-SVM also has two
steps. The first step is grouping in each class by Ward’s
linkage clustering method; the second step is the least
square model learning. Suppose that, there are k clusters
in class {+}, each cluster consists of my,4; points and is
represented by matrix A; C R™AX" there are [ clusters
in class {—}, each cluster consists of mp; points and is
represented by matrix B; C R™&>*" ILS-SVM uses a
class-vs-cluster strategy to determine (I + k) hyperplanes
such that each of which is closer to one class and far
away from cluster of other class. Specifically, the method
need to find / hyperplanes such that the j—th hyperplane,
fi+(x) = WJT.+X +b;,. =0, is closer to class A and far away
from cluster Bj; Also, It need to find k hyperplanes such
that the i—th hyperplane, f;_(x) = W£X+bi_ =0, is closer
to class B and far away from cluster A; (see Figure 2); Here
Wi, Wi— € Rn, bj+, bi_ e R.
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Figure 2. ILS-SVM exploit information about the number of data-
points of clusters.

The classifier is now selected as:

fx) = ar)gﬂiin(ﬁ(X), f-(x)), (6)

with
_ d mgj ) _ 4 ma; 7
fe(x) = ; o (0 f(0 = Z} e
From the definition, we see that f,(x) is the average,
taking into account the weights, distances from x to the
hyperplanes {f;.(x) = 0}. The j—th hyperplane’s weight
is proportional to mp; - the number of data points in
the cluster Bj. Similarly, f_(x) is the weighted average
of distances from x to the hyperplanes {f;—(x) = 0}. By
virtue of (6), a new data point x is classified into class {+}
or {—} depending on whether f,(x) is less than or greater
than f_(x).

1. The linear case

We determine (/+k) hyperplanes in ILS-SVM by solving
(I + k) QPPs as follows:

. 1 1 T >
min_ 5l|AWjteab |3+ E €+ F (Iwal3+57,),
Wji+:0j+,6 j
S.t. (Bjo++ijbj+)+§j=ij,
)]
j=1,..., l and
: 1
min  3|[Bwi_+epbi|[5+ G0 n;+5 (Wi [3+b7.),
wi—.bi_.1;
s.t. (A;w;_+eab; ) +1; = ey,
)
i=1,..., k.

Here, ey € RmAin, epj € RmB-le, ey € RmAXl, ep €
R™8*! are vectors of ones. 17, € R™AiXl, £ € R <1
are vectors of slack variables. c1, ¢, ¢3, c4 are penalty
coefficients to adjust the role between terms in the objective
functions. In the problem (8), |[Aw;, + eAbj+||§ is the
sum of squares of distances from data points in class A
to the hyperplane f;,(x) = 0, the inequality constraints
are replaced by equality constraints, and is defined by
the points of cluster B;, making training times faster than
that of TSVM. %clij-f ; is the sum of squares of errors,



%cz(HW j+||§ + b? ,) is the regularization term. The problem
(9) is similarly established for class {—} with the constraints
is defined by cluster A;.

By substituting the equality constraints into the objective
function, QPP (8) becomes:

1
min =||Aw ., +eab i, |> +
Wj+,bj+2|| J+ A 1+||2

e
?(“Wﬂ“% +b7,).

¢
7||Bjo+ +epbj. —epjl3+
(10)

Setting the gradient of (10) with respect to w;, and b, to
zero, we have:

T T
A (ij++eAbj+)+clBj (Bjo++ijbj+—eBA]')+62WJ'+ =0,

T T —
eA(AWj++eAbJ'+)+C1ij(Bjo++ijbj+—ij)+C2bj+ =0.

Defining H = [A ea], G; = [B; eg;], u; = [ZJJ:],
j=1,...,1, and I being the identity matrix of order (n+1),
it follows that
H'Huj +c1GTGuj —c1Glepj+calu; =0 (11)
= [LHTH+GTG;+ 1| u; = Gley, (12)
—uj = HHTHJrGJTGﬁg—fI]_IGJT.ij. (13)

In exactly similar way, by defining G = [B eg], H; =
W;_

[Ai eai],vi= [bi—

], i=1,...,k, we obtain the solutions

of problem (9):

-1
v; = [CLSGTG + HTH; + g—gl] Hlen.  (14)

Algorithm 1: Linear ILS-SVM

1 Consider the problem 2.1. We generate the linear
classifier f(x) as follows:

2 Clustering dataset by using Ward’s linkage [12].

3 Define H; = [A; eai|.G = [B eg|, G, =
[B; es;], H=[A ea]

4 Determining (w4, b;4) and (w;_, b;_) via (13),
(14).

5 Classifying a new data x by using (6) and (7).

2. The nonlinear case

Let ® : R® — H be a nonlinear mapping, where H
is a Hilbert space whose dimension is not less than n
(maybe infinite-dimensional). Since S = span(®(C7T)) is
a subspace of H whose dimension does not exceed m, we
can consider S as an Euclidean space and ® : R" — S.
Suppose that after the clustering step on space S we
obtain k clusters ®(A;),...,D®(Ay) in the class ®(A), each

11
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cluster ®(A;) consists of m4; data points; and / clusters
®(By1),...,P(B) in the class ®(B), each cluster ®(B;)
consists of mp; data points. In space S, a hyperplane
®(x")h + b = 0 (with h € S being the normal vector)
can be rewritten as ®(x?)®(CT)u+ b = 0 for some vector
u € R™. Therefore, by defining ®(x)®(CT) = K(x",CT),
the hyperplane has the form K(x',CT)u+b =0, K is a
predefined kernel [15].

ILS-SVM determines [ hyperplanes such that the j—th
one: K(x”, CT)u;,+b, = 0is closer to class ®(A) and far
away from cluster ®(B)). It also determines k hyperplanes
such that the i—th one: K(x”, CT)u;_+b,_ =0 is closer to
class ©(B) and far away from cluster ®(A;). Specifically,
we have (I + k) QPPs as follows:

: 1 - &T
min 3 |K(A, Cujteabl5+5€76,+ 5 (ul3+03,),

WjtsDj+.6
s.t. (K(Bj, CT)llj+ +epjbj.) +&; = epj;
(15)
u;, €eR™, j=1,...,] and
u_n}yi_n”»%HK(B, Chyu;_+epb; |3+ 50 n;+5 (lw_|13+b%),
S.t. (K(Ai, CT)lll'_ + eAibi_) +1; =€u;;
(16)

u_ecR™i=1,... k.

By substituting the constraints into objective function, these
QPPs become:

o1 c
min = [|K(A, CT)uj, +eabyi|3 + 71||K(Bj,CT)Uj+

uj.bj,
+enjby = eyl + 5 (gl +53,). (17)
j=1,...,1 and
min SIK(B, CTyu + esbi |3+ SIK(Ar, Ty
+eibi- = el + S (|3 + L), (18)
i=1,...,k.

The solution of QPPs (17) and (18) can be derived to be:

. -1
W= |[SHTH+GIG + 21| Gley;,  (19)

(20)

. -1
Vi = [%GTG +H!H; + ;—;‘I] H] e,

where, H; = [K(A;,CT) ea], G = [K(B,CT) eg],
G, = [K(B;,CT) ep;|]. H = [K(A,CT) ea], u; =

[“j+ =10 v =|" | i=Tk and I is the identity

bjs b;_
matrix of order (m + 1).

The classification function now is selected as:

f(x) = arJrgrriin(fwu(X), f-(x)), 21
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with

I
mpgi
Fr0 =Y LK, Ty, + by
= e
k

F00 = 3 KO, CT i+ bic).

i=1

(22)

Remark: In (19), (20) we need to compute the inverse of
square matrices in order (m + 1). This work will become
difficult when m is large. So it is necessary to reduce the
size of those matrices. This problem can be solved by using
the Sherman-Morrison-Woodbury (SMW) formula [16].

Algorithm 2: Nonlinear ILS-SVM

1 Consider the problem 2.1. We generate the
nonlinear classifier f(x) as follows:

2 Choosing a kernel function K (x”, CT), typically the
Gaussian kernel [15].

3 Clustering the dataset by using Ward’s linkage [12].

4 Define H; = [K(A;,CT) e, G =
[K(B,CT) ep|.G; = [K(B;,CT) el
H=|K(A,CT) eal.

5 Determining (uy4, b14), ..., (a4, byy) and
(wi-, b1-), ..., (U, by-) via (19) and (20).

6 Classifying a new data x by using (21) and (22).

IV. EXPERIMENTS

In this section, we compare the ILS-SVM against
LSTSVM [13] and TSVM [11] on various datasets. All
algorithms are settled by version 3.8.3 of Python pro-
gramming language, and run on a Laptop with an AMD
Ryzen 5 with 8GB RAM. We use the following libraries:
"scipy.cluster.hierarchy" to cluster the data, "cvxopt" to
solve the QPP, "matplotlib" to show the figures, "pandas”
and "numpy" to process data, ’sklearn’ to evaluate and
adjust hyperparameters of all models. All settings are
uploaded to [17]. We implement these algorithms on 14
UCI datasets [18] which have been experimented in [11],
[13]. For each dataset, we randomly select 90% of extracted
dataset for training and 10% for testing, and use 10-
fold cross validation (CV) to evaluate the accuracy of all
algorithms. The results are shown in TABLE 1 (by applying
Algorithm 1), and TABLE 2 (by applying Algorithm 2).

TABLE 1 shows the training time and the classification
accuracy comparison between ILS-SVM with LSTSVM
and TSVM for the linear case on 14 UCI datasets.
All hyperparameters such as cy,cp,c3,cq4 of ILS-SVM,
c1,cp of LSTSVM and TSVM are belong to the set
{0.0001, 0.001, 0.1, 1, 10, 100, 1000} and obtained by
using grid-search technique. From TABLE 1 we can see that
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the training time of ILS-SVM is faster than that of TSVM,
but slower than LSTSVM. This is because ILS-SVM has
to cluster the data and process the problem on each cluster.
That is the cost to obtain a more precise classification.
Thereby we can see that the classification accuracy of ILS-
SVM is better than that of LSTSVM and TSVM in most
datasets. The TABLE 2 shows the comparison of training
time and classification accuracy for the nonlinear version
of ILS-SVM, LSTSVM and TSVM on 4 UCI datasets.
The kernel parameters of the Gaussian kernel are obtained
through grid-search from the same range, while all penalty
parameters of all algorithms are fixed to be one.

Table 1

TEST TRAINING TIME (MS) AND CV ACCU-
RACY (%) WITH A LINEAR KERNEL (ALG. 1)

Datasets(m X n) Algorithms
(kx1) ILS-SVM LSTSVM TSVM
Hepatitis(155 x 19) 3.001 1.001 8.002
(5x3) 89.9 +/- 6.6 86.4 +/- 11.7 | 84.2 +/- 8.9
Australian(690 x 14) 6.001 1.000 57.014
4x5) 87.3 +/- 4.6 86.3 +/- 3.6 86.8 +/- 3.4
BUPA-liver(345 X 6) 3.017 1.000 14.003
2x3) 67.4 +/- 6.7 66.1 +/- 7.8 65.8 +/- 6.0
CMC(844 x9) 8.989 1.000 143.032
(3x5) 66.5 +/- 5.8 64.6 +/- 5.1 64.8 +/- 5.2
Credit(690 x 19) 12.001 2.000 103.022
2x3) 86.5 +/- 2.0 86.3 +/- 2.7 86.1 +/- 3.3
Diabetes(768 x 8) 4.981 0.001 24.006
(5x2) 74.9 +/- 5.0 74.3 +/- 4.6 74.7 +/- 5.7
Flare-sol(1066 x 10) 19.985 0.999 244.055
2x2) 82.1 +/- 4.5 81.9 +/- 3.6 81.8 +/- 4.3
German(1000 x 20) 16.986 1.000 221.048
(3x2) 71.7 +/- 6.2 70.8 +/- 5.5 71.0 +/- 7.2
Heart-stat(270 x 13) 2.000 0.001 10.001
2x2) 84.0 +/- 5.5 84.8 +/- 3.8 84.0 +/- 3.9
Image(2310 x 18) 6.999 1.000 51.011
(3x2) 90.2 +/- 1.0 90.2 +/- 3.0 91.6 +/- 2.2
Tonosphere(350 x 34) 5.005 0.999 15.002
(3x2) 89.2 +/- 7.5 89.6 +/- 6.2 88.0 +/- 6.9
Spect(265 x 22) 3.987 0.001 9.995
(3x3) 86.1 +/- 4.7 83.5 +/- 6.7 83.1 +/- 6.1
Sonar(208 x 60) 3.993 1.000 9.002
(6x3) 81.3 +/- 10.3 74.3 +/- 9.5 73.8 +/- 9.6
Heart-c(303 x 13) 2.000 0.001 12.003
2x4) 85.3 +/- 7.1 83.8 +/- 6.3 834 +/- 7.7
Table 11
TEST TRAINING TIME (S) AND CV ACCU-
RACY (%) WITH AN RBF KERNEL (ALG. 2)
Dataset(m X n) Algorithms
(k x1) ILS-SVM LSTSVM TSVM
Hepatitis(155 x 19) 0.271 0.119 0.125
(5x3) 87.0 4/- 9.1 | 84.9 +/-9.3 | 83.5 +/- 12.0
heart-c(303 X 13) 0.931 0.460 0.472
2x4) 83.1 +/- 7.3 | 81.6 +/- 6.0 82.7 +/- 7.1
Australian(690 x 14) 4911 2.377 2.446
“4x5) 87.6 +/- 42 | 81.8 +/-3.2 85.6 +/- 3.8
WPBC(198 x 35) 0.374 0.183 0.194
2x3) 81.7 +/-9.3 | 78.1 +/- 6.3 | 80.6 +/- 10.2




V. CONCLUSION

This paper has proposed a new Improvement Least
Square - Support Vector Machine for classification prob-
lems with a class-vs-cluster strategy. This algorithm is
performed in two steps: The first step is grouping in each
class by Ward’s linkage clustering method; The second step
is the least square learning model. The classifier is based
on the weighted average distances from the data point to
the class representative hyperplanes. ILS-SVM has a faster
execution time than TSVM, and slower than LSTSVM. But
in terms of classification accuracy, ILS-SVM is better than
TSVM, and LSTSVM in most cases. For problems with
big data and each class contains many clusters, the ILS-
SVM algorithm is more effective in data classification. The
ILS-SVM algorithm may not really be suitable for multi-
classes problems. However, it seems useful in solving the
classification problem with imbalanced data. And this is an
interesting research direction in the future.
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