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Abstract: This paper introduces a type-2 fuzzy relational
database model (T-2FRDB) as an extension of the—type-1
fuzzy relational database models with a full set of basic
fuzzy relational algebraic operations that can represent and
query uncertain and imprecise information in the-real world
applications. In this model, the-a membership degree of tuples
in a fuzzy relation is represented by fuzzy numbers en-in [0, 1],
the-and fuzzy relational algebraic operations are defined by
using the-an extension principle for computing the-minimum
and maximum values of such fuzzy numbers. Some properties
of the type-2 fuzzy relational algebraic operations in T-2FRDB
are also formulated and proven as extensions of these-offuzzy

relational-algebraie-operations-their counterpart in the type-1

fuzzy relational database models.
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I. INTRODUCTION

As we know, the-a classical relational database model
is very useful for modeling, designing and implementing
large-scale systems. However, it is restricted for-to_repre-
senting and handling uncertain and imprecise information
of-about objects in practice [1, 2]. For example, applications
of the-a classical relational database model eannet-deal-with

the—query—can not deal with a query like “find all patients
who are young-young and have lung cancer and a high-high

treatment cost”, where young-and-high-young and high are
the vague notion and imprecise value [3, 4].

So far, there have been many relational database models
studied and built {5—}—based—on—the—based on fuzzy
theory for modeling objects about which information may
be vague and imprecise to overcome the limitations of the
classical relational database model such as [5-11]. Such
models are called fuzzy relational database models.

There are two main approaches to represent fuzzy rela-
tions in fuzzy relational database models: (1) representing
each fuzzy relation as a set of tuples whose each attribute
may take a fuzzy set (or a possibility distribution is-inferred
from a fuzzy set) [5-7, 12-14], whereby the-a membership
degree of tuples for the relation is hidden in that of their
attribute values; (2) representing each fuzzy relation as
a fuzzy set of tuples whose each attribute only takes a

single and precise value [3, 8-11, 15-18], whereby the
membership degree of tuples for the relation also is that
for the fuzzy set.

Fuzzy relational database models that are built based on
one of above approaches are extensions of the classical re-
lational database model with fuzzy sets. They have different
capabilities for expressing and dealing with uncertain and
imprecise information.

There are two types of the models based on the sec-
ond approach, ealed—the-including type-1 fuzzy relational
database model (T-1FRDB), or the (ordinary) fuzzy re-
lational database model, whereby the membership degree
of tuples is assigned to a number in [0, 1], and the—type-
2 fuzzy relational database model (T-2FRDB), whereby
the membership degree of tuples is expressed as a fuzzy
number on-in [0, 1]. Many type-1 fuzzy relational database
models have been proposed such as [3, 8-10, 17, 18].
However, it—is—due—to—since the membership degree of
tuples is expressed as a number in [0, 1], these models were
restricted in-to representing the associated imprecise degree
of attribute values. In thereal world relational databases,
since attribute values of tuples may be imprecise, there
are many situations in which we do not know exactly
the membership degree of tuples as a number in [0, 1]
but only can estimate it as an approximate number (or a
fuzzy number) en-in [0, 1]. Some type-2 fuzzy relational
database models have been introduced to overcome the
shortcoming of type-1 fuzzy relational database models
[11, 15, 16, 19]. However, in [19], only the—notions of
the relational schema and instance were defined meanwhile
the-but relational algebraic operations were not introduced.
In [16], the—data representative notions were not defined
reattyformatty-formally defined and some fuzzy relational
algebraic operations were missing. Also, in [11, 15], the
set of basic fuzzy relational algebraic operations was not
complete. Thus, the abilities ef—expressing—and—dealing
to_express and deal with imprecise information of those
models were limited.

In this paper, we propose a type-2 fuzzy relational
database model (T-2FRDB) as an extension of the type-
1 fuzzy relational database models to overcome the short-



comings of the models in [11, 15, 16]. In our T-2FRDB,
the notions of the-data representative model are completely
defined formally, the full set of basic type-2 fuzzy relational
algebraic operations is built based on the—an_extension
principle for computing the minimum and maximum values
of fuzzy numbers. Some properties of these algebraic
operations are also formulated as theorems and proven co-
herently. T-2FRDB allows forrepresentingrepresentation of
soft queries associated with fuzzy sets to handle imprecise
information in practice.

The basis—of—mathematies—mathematics that we used
to develop T-2FRDB is presented in Section II. Schemas
and relations of T-2FRDB are introduced in Section III.
Section IV and V present type-2 fuzzy relational algebraic
operations and their properties in T-2FRDB respectively.
Finally, Section VI concludes the paper and outlines further
research directions in the future.

II. Fuzzy SETS AND FUZZY RELATIONS

In this section, we present some notions about fuzzy sets
and fuzzy relations as the-a mathematical basis for develop-
ing the T-2FRDB model. Fuzzy sets are used to represent
and execute soft queries meanwhile-fuzzy relationsto-define
refations-while relations in T-2FRDB are defined by fuzzy

1. Fuzzy Sets

For a classical set, an element is—to—-be-ornotto-be—in
the-setor;-may or may not be in a set, so in other words 5
the membership degree of an element in the set is binary.
For a fuzzy set, the membership degree of an element in
the set is expressed by a real number in the interval [0, 1].
The fuzzy set is extended from the classical set as in [4]
and is defined as follows.

Definition 1: A fuzzy set A on a domain X is defined by
a membership function u4 from X to the-a closed interval
[0, 1]. For each x € X, pua(x) is the membership degree of
x for A.

We note that a classical set A on X also is a fuzzy set [3]
with the membership function ps(x) = 1, Vx € A and
1a(x) =0, Vx ¢ Aereven—. Even an element e in X is also
considered as a special fuzzy set on X with the membership
function p.(e) =1 and p.(x) =0, Yx € X and x # e. Fhe
As_mentioned in the above definition, the fuzzy set A on
X as—in—the-abeve—definition—is called the ordinary fuzzy
set and can be denoted by A = {x : pa(x) | x € X}. In
addition, the notation A(x) can be used to replace pa(x).

The support of a fuzzy set A on X is the—elassieal-set
that-contains-at-the-a classical set containing all elements of
X that have nonzero membership degrees in A. The height
h(A) of a fuzzy set A on X is the largest membership degree
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obtained by-any-element-in—that-from all elements in the

set. It means that h(A) = sup,x A(x). A fuzzy set A is
called normal when h(A) = 1 and it is called subnormal
when h(A) < 1. A fuzzy set A on the real-number—set-set
of real number R is called convex if for any elements x,
v, z in the support-support of A, the relation x < y < z
implies that p14(y) > min(ua(x), pa(2)).
The—operations—Operations_on fuzzy sets are defined

in—general-generally defined based on functions from the
Cartesian product of the—closed intervals [0,1] to the-a

closed interval [0, 1]. However, the section only presents the
standard operations in [4] which are applied in computing
the relations of T-2FRDB.

Definition 2: Let A, B be two fuzzy sets on X and
have the membership functions w4, up, respectively. The
complement of A, union, intersection and difference of A
and B are defined by their membership functions as follows.

D) pae(x) =1- pa(x),

2) paup(x) = max(pa(x), up(x)),

3) panp(x) = min(ua(x), up(x)),

4) pa-p(x) = min(pa(x), 1 - pup(x)),

Vxe X

The fuzzy numbers are special fuzzy sets that are used
to represent the fuzzy relations in T-2FRDB. The fuzzy
numbers are defined in [20] as follows.

Definition 3: A fuzzy number A is a fuzzy set on the
real-number-set-set of real number R such that:

1) A is a normal and convex fuzzy set.
2) The support of A is bounded.

Example 1. The fuzzy set about_0.5 that is given by
the membership function and its graph as—shown as in
Figure II-A below-is a fuzzy number.

2x Vx €[0,0.5]
about_0.5(x) = 42(1 —x) Vx e (0.51]
0 Vx ¢[0,1]
y
I
0 05 1 g

Figure 1. Fuzzy number abeutabour_0.5

For computing and combining the membership degrees
of tuples in the-type-2 fuzzy relational algebraic operations,
we use the-two operations MIN and MAX to determine
the-minimum and maximum values of fuzzy numbers. The
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operations MIN and MAX are defined by the—using an
extension principle in [3] as belowfollows.

Definition 4: Let A and B be two fuzzy numbers. The
minimum and maximum values of A and B are fuzzy
numbers that are defined by

1) MIN(A, B)(2) = SUP__in(x,y) Min[A(x), B(y)],

2) MAX(A, B)(z) = SUP, _max(x.y) Min[A(x), B(y)]

VzeR
2. Let

Example

fuzzy numbers, then
0:4-+—04+MIN(A, B .

The fuzzy set of type 2 is extended from the ordinary
fuzzy set in [3] as below.

Definition 5: Let J([0, 1]) be the-a set of all ordinary
fuzzy sets on [0, 1]. A type-2 fuzzy set A on a domain X is
defined by a membership function us from X to J([0, 1]).
For each x € X, ua(x) is the membership degree of x for
A.

We note that —it-is—due—to-since each number in [0, 1]
to-be-is considered as a special ordinary fuzzy set, se-each
ordinary fuzzy set is also considered as a special type-2
fuzzy set.

2. Fuzzy Relations

The ordinary fuzzy relation and type-2 fuzzy relation are
the foundation for fuzzy relational database models. The
fuzzy relation and type-2 fuzzy relation are defined in [21]
by extending the notion of the-a classical relation based on
fuzzy sets as follows.

Definition 6: Let Aj, A,..., Ax be non-empty sets, an
k-ary-ary ordinary fuzzy relation R on k sets Ay, A,...,
Ay is an ordinary fuzzy set on the Cartesian product A; X
Ay X Ag.

Definition 7: Let A|, A;,..., A be non-empty sets, an
k-ary type-2 fuzzy relation R on k sets Aj, Ay, ..., Agis
a type-2 fuzzy set on the Cartesian product A; X Aj - - - X Ag.

We note that the ordinary fuzzy relation is also called
type-1 fuzzy relation. The membership functions of the
ordinary fuzzy relation and type-2 fuzzy relation are tgr—
ug: Ay X Ay - X A — [0,1] and prr——pg: Ay X Ay -+ X
A — 3([0, 1]), respectively.

III. T-2FRDB SCHEMAS AND RELATIONS
1. Type-2 fuzzy Relational Schemas

A type-2 fuzzy relational schema in T-2FRDB consists of
a set of attributes associated with a membership function
of a type-2 fuzzy set ;—as—the—that is used as a basis
for determining type-2 fuzzy relations, and is defined as
follows.

TABLE 1
RELATION PATIENT
P_NAME AGE DISEASE D_COST u
L.V.Tam 53 Lung cancer 350 0.9
L.T. Huong 65 Cirrhosis 40 about_0.5
N.T. Trang 29 Bronchitis 70 1.0
T. T. Tu 21 Hepatitis 30 high

Definition 8: A type-2 fuzzy relational schema is a pair
R = (U, u), where
1) U={AL Ap,..
attributes.
2) s a function that maps each (vi, vy, ..., v) € D1 X
Dy X -+ x D to a fuzzy number en-in [0, 1], where
D; is the domain of the attribute A;(i = 1,...,k).

., Ar} is a set of pairwise different

As in the classical relational database, the notations
R(U, ) and R can be used to replace R = (U, u). In
addition, each t = (v1,vs,...,v) is called a tuple on the
set of attributes {Aj, As, ..., Ar}.

Example 3. A type-2 fuzzy relational schema PATIENT
in T-2FRDB describing patients can be as follows.

PATIENT(P_NAME, AGE, DISEASE, D_COST, u)
where u: stringxintegerxstringxreal— ([0, 1]), 9([0, 1])
is the set of all fuzzy numbers en—in [0, 1] s—while
string, integer and real are the-domains of the attributes
P_NAME, DISEASE, AGE and D_COST, respectively.

2. Type-2 Fuzzy Relations

The notion of the type-2 fuzzy relation in T-2FRDB is
extended from that of the ordinary fuzzy relation in T-
1FRDB as the following definition.

Definition 9: Let U = {A, A,...,Ax} be a set of k
pairwise different attributes. A type-2 fuzzy relation r over
the type-2 fuzzy relational schema R(U, u), is a finite set of
tuples {t1,1, ..., 1, } on the set of {A}, Ap, ..., Ax} in which
each tuple #; is associated with the fuzzy number wu(z;)
representing the membership degree of #; in r, for every
i =1,2,...,k. The notation ¢.A or t[A] is used to denote
the value of attribute A of tuple ¢ in r. The membership
degree of #; in r is denoted by u,(#;).

For each set of attributes X C {Ay, Ay,..., A}, the
notation [ X] is used to denote the rest of 7 after eliminating
the value of attributes not belonging to X.

Note that, as in the classical database model, if we only
care about a unique relation over a schemathen—, we can
unify its symbol name with its schema’s name.

Example 4. A type-2 fuzzy relation over the schema
PATIENT in Example 3 can be given as shown in Table I.



In the relation, the attributes P_NAME, AGE, DISEASE,
and D_COST deseribe-the-information—about—the—provide
information about name, age, disease and daily treat-
ment cost of each patient, respectively. In reality, while
diagnosing;—the disease of each patient is not always
determined-certainly-by-the-exactly determined by physi-
cians. Similarly, the daily treatment cost for patients is also
not known definitely-even as the patients know about their
diseases. Here, the conventional unit for the treatment cost
is 1000 (VND).

We note that ;—u(z) represents the membership degree
of each tuple ¢ in the relation (by Definition 9);-it-means
. It means that the precise degree of the—information—of
information about the attribute values that-is expressed by
t. For example, consider—the—let consider the first tuple
t) (the—first—tuple)—in the relation PATIENT ;—assuming
that—the—information—of—and_assume_ that information
about the patient’s name (L.V. Tam) expressed by #; is

preeise;—then—correct. The u(;) = 0.9 of 7 represents

the aggregated precise degree of the—information about
the age (53), diagnosed disease (Lung cancer) and daily
treatment cost (350 thousands VND) of the patient. With
t4, we do not know precisely both the—infermation—of
information about the attribute values that it represents
and its membership degree in the relation PATIENT.
We are able to just estimate that u(#4) is high where

fuzzy number set on [0, 1].

In the-real world applications, fuzzy sets that represent
the membership degrees of tuples in a fuzzy relation,
such-as-like high and abour_0.5 as mentioned above, will
be defined eompatibly—adequately and consistently based
on the meaning and precise degree of the—information
information about that these tuples express. The fuzzy sets
high and about_0.5 that are given as-in this example only
simply illustrates for Definition 9.

Now, the notion of a type-2 fuzzy relational database is
defined as follows.

Definition 10: A type-2 fuzzy relational database over a
set of attributes is a set of type-2 fuzzy relations correspond-
ing with the set of their type-2 fuzzy relational schemas.

We note that when u(t) € [0, 1] for every tuple ¢ in a
type-2 fuzzy relation, this relation becomes a type-1 fuzzy
relation. In other words, a type-1 fuzzy relational database
is a particular case of an T-2 FRDB by Definition 10.

IV. SELECTION OPERATION ON T-2FRDB
1. Syntax of Selection Conditions

The syntax of selection conditions in T-2FRDB is ex-
tended from those in [17] with type-2 fuzzy relations as
the following definition.
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Definition 11: Let R be a schema in T-2FRDBand-, X
be a set of relational tuple variables and 6 be a binary
relation from {=, #, <, <,>, >}. Then selection conditions
are inductively defined and have one of the following forms:

1) x.A 6 v, where x € X, A is an attribute in R and v

is a precise value.

2) x.A — v, where x € X, A is an attribute in R, — a

binary fuzzy relation and v fuzzy set value.

3) x.Ay 0 x.Ap, where x € X, A; and A, are two

different attributes in R.

4) —E if E a selection condition.

5) Ey A E, if Eq and E, are selection conditions on the

same relational tuple variable.

6) E| V E, if Ey and E, are selection conditions on the

same relational tuple variable.
Example 5. Consider the schema PATIENT in Exam-
ple 4, the selection of “all patients who are young and
get hepatitis” can be expressed by the selection condition
x.AGE — young A x.DISEASE = hepatitis.

2. Semantics of Selection Conditions

The semantics of selection conditions is the-a satisfied
degree measure of-them—for tuples in a fuzzy relation and
is defined as belewfollows.
Definition 12: Let R(U, ) be a fuzzy relational schema
in T-2FRDB, r be a relation over R, x be a tuple variable
and 7 be a tuple in r. The interpretation of selection
conditions with respect to R, r and ¢, denoted by Intg -, is
the-a partial mapping from the set of all selection conditions
to the-a set of all fuzzy numbers on [0, 1] that is inductively
defined as follows:
) Intgy;(x.A 60 v) = u(r) if ttA 6 v and
Intg y:(x.A 6 v) = 0 otherwise.

2) Intg,i(x.A — v) = MIN(u (t), up(t)), with ¢ =
XA —>v.

3) Intg,.(x.A1 0 x.Ay) = w.(t) if t.A; 6 t.Ay and
Intg r+(x.A1 6 x.A) = 0 otherwise.

4) Intg,y:(0E) =1 - Intg ,+(E).

5) IntR,r,t(El NEy) = MIN(IntR,r,t(El)v IntR,r,t(EZ))~

6) Intgr.(E1 V Ey) = MAX(Intg i (E1), Intg,r,i(E2)).

We note that +-v is a fuzzy setin x.A — v,s0 ¢ = x.A —
v is a binary fuzzy relation. Consequently, ¢ also-is-is also
a fuzzy set. In particular, ¢ is the fuzzy set whose elements
are tuples in r. For each t € r, u,(t) = v(t.A).

Intuitively, Intg,(x.A 6 v) and Intg,,(x.A — v) are
respectively the satisfied degrees of the conditions 7.A 6 v
and .A — v for the tuple ¢ in r while Intg , ,(x.A;| 6 x.A3)
is the satisfied degree of the condition ¢.A; 8 t.A, for the
tuple ¢ in r.

In the classical relational database model, for each tuple
t and a relation r, yu,(t) € {0,1}, so the interpretation of
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selection conditions with respect to r and # always takes one
of two values 0 or 1. Fhis-It also means that the concept
of the-interpretation of selection conditions in the classical
relational database model is a particular case of that ef
the—interpretation—of—selection—conditions—in type-1 fuzzy
relational database models and T-2FRDB.

Example 6. Let the-a fuzzy set young represent the young
age of a patient whose membership function is defined by

1 Vx € [0,20]
/'ly()ung(x) = (35 - x)/lS Vx € (20, 35) .
0 Vx > 35
then—the—interpretation—of—the—The _interpretation of
selection conditions E; = “x.AGE — young”, E, =

“x-DISEASE-=hepatitisx DISEASE = hepatitis”, and E =
“¥ACE—young AxDISEASE=-hepatitisx AGE —

oung A x.DISEASE = hepatitis” with  respect to
r = PATIENT and #4 (the fourth tuple) in Example 4 are

>

E)) = MIN(u,(14), young(21)) = MIN(high, 0.93

Let —0-9={06-5: -6:0- F0- 8:0.
0:9:1:0-0:934-0approx 0.9 = {030, _________0.6:0.3,
0.7:0.8, 0.8:0.9, 0.9:1.0. : we  have
Intry(E)y=-=approx—09Int E) = approx_0.9.

Now, the selection operation in T-2FRDB is extended
from the selection operation in [17] as follows.

Definition 13: Let R(U, i) be a relational schema in T-
2FRDB, r be a type-2 fuzzy relation over R and ¢ be a
selection condition. The selection on r with respect to ¢,
denoted by oy(r), is the type-2 fuzzy relation r’ over R,
including all tuples defined by

F = {1 € rlintg,.(8) # O A (1) = Intg(9)).

We note that the number O in Intg ,,(¢) # 0 also is the
fuzzy number 6-en-0 in [0, 1].
Example 7. Consider the—a_ relation r = PATIENT in
Example 4, the query “Find all patients who are young and
have hepatitis” can be done by the selection operation r’ =
05(PATIENT) with ¢ = “x.AGE — young A x.DISEASE =
hepatitis”.

The selection is implemented by checking the
satisfaction of all tuples in PATIENT for the selection
condition ¢. From the result computed in Example

1. Projection
=1V R 7 i\ T ) TR 7 i (L
and A Pprojection of a type-2 4fuzzy

A

atiPIDWANIY A NEeW (YPer7y

6above, we can see that only the tuple #; satisfies
¢ with the value of membership function being

result of the selection is the-a relation r’ = o4 (PATIENT)
shown as in Table II.

TABLE II
RELATION 0 (PATIENT)

P_NAME | AGE
T. T. Tu 21

DISEASE
Hepatitis 30

D_COST u

apprexapprox_0.9

V. OTHER OPERATIONS ON T-2FRDB

As for the classical relational database and T-1FRDB,
other basic relational algebraic operations on T-2FRDB are
the-contain projection, Cartesian product, join, intersection,
union, and difference. We now extend these-these opera-
tions of T-1FRDB for T-2FRDB taking-to take into account
the fuzzy membership degree of tuples in relations.

relation

O U, 0 0.0

on a set of

uzzy pejpiogrigibistyonly the
attributes in that set are considered for each tuple of the
new relation as the following definition.

Definition 14: Let R = (U, u) be a type-2 fuzzy relational
schema, r be a relation over R and L = {A, Ay, ..., Ar}
be a subset of U. The projection of r on L, denoted by
Iy(r), is the-a type-2 fuzzy relation r’ over the schema R’,
determined by:

1) R" = (L, u’), where y’ is the-a mapping from D; X
Dy X -+ X Dy to the—a set of all fuzzy numbers on
[0,1], D; is the value domain of A;(i = 1,...,k).

2) r'={t" =1[L]lt € rand ], (') = MAX; ¢, {p(1)lt" =
1[L1}}.

Example 8. The-A projection of the relation PATIENT in
Table I on L = {P_NAME, DISEASE} is the-a relation
Iy, (PATIENT) shown as in Table III.

TABLE III
RELATION IIf,(PATIENT)

P_NAME DISEASE 74
L.V.Tam Lung cancer 0.9
L.T. Huong Cirrhosis aboutabour_0.5
N.T. Trang Bronchitis 1.0
T. T. Tu Hepatitis high

0.6:0.5,70.7:0.8, 0.8:0.9, 0.9:1.0, 0.93:1.0}. Therefore, the

approx_(




2. Cartesian Product

For the Cartesian product of two type-2 fuzzy relations,
as in the classical relational database and T-1FRDB, we
assume that the sets of attributes of their schemas are
disjoint as the definition below.

Definition 15: Let Uy, U, be two sets of attributes that
have-not-do not have any common element and rq, r, be two
fuzzy relations over two type-2 fuzzy relational schemas
Ry = (U, y1) and Ry = (Uy, uy), respectively. The Cartesian
product of r; and r, denoted by ry Xr», is the-a type-2 fuzzy
relation r over R, determined by:

1) R = (U, pu), where U =U; UU,, u is the-a mapping
from Dy X Dy X -+« X Dy, to the-a set of all fuzzy
numbers on [0, 1], k = |Uy|, m = |Uy|, D; is the value
domain of A; € U; U U,.
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and PATIENT) is the-a relation PATIENT over the schema
R = (U; U Uy, u) computed as in Table VI.

TABLE IV
RELATION PATIENT]

P_ID | DISEASE Hi
PTO005 | Bronchitis 0.8
PT006 | Gall-stone {1:1, 0.9:0.8, 0.8:0.3}

TABLE V
RELATION PATIENT,

P_NAME DISEASE M2
L. V. Lan | Bronchitis 0.9

2) e — (¢ (53, 3, V31 12 1r M= {33
==t Vs Ve VETL Vi s YRR T =Y Y
= (v, v s Vi 2 = (Vs dy Viea2s o« o3 Vietm)s L1 € 11,

th € rp and u,(¢t) = MIN(uy,-, (1), )

3. Join

The—A join of two fuzzy relations in T-2FRDB is
extended from the natural join of two relations in the-a
classical relational database and the join in T-1FRDB. The
join in T-2FRDB is defined as follows.

Definition 16: Let U; and U, be two sets of attributes
such that the-value domains of two attributes of the same
name A in U; and U, ;respectively are identical. Let rq,
ry be two fuzzy relations over the type-2 fuzzy relational
schemas Ry, = (U, 1) and Ry = (Uy, up) respectively
and {Ag, ..., A;} = Uy UU,. The natural join of r; and r;,
denoted by ry >« 1y, is the-a type-2 fuzzy relation r over
the schema R, determined by:

1) R =(U,pu), where U = U; U Uy, u is the-a_ mapping

from Dy X Dy X --- X D, to the—a set of all fuzzy

numbers on [0, 1], n = |U|, D; is the value domain
of A; e Uy UUs,.

Mwsuch that vy = #[Ax]

lAcl ..o = nlAl = n[A] and

/Jr(t) = MIN(#IH (tl )’ H2r, (t2))}

Example 9. Let U; = {P_ID, DISEASE}, U, = {P_NAME,
DISEASE} be two sets of attributes and PATIENT),
PATIENT) be two type-2 fuzzy relations over two schemas

Ry = (Uy, 1) and Ry = (Uy, up)respeetively—as—, shown
as in Tables IV and V rgggevvctgi@y It is easy to see that

TABLE VI
RELATION PATIENT = PATIENT; »« PATIENT,

P_ID P_NAME | DISEASE u
PT005 L.VLAN | Bronchitis 0.8
PT006 | N.T.THU | Gall-stone | {0.6:0.3,0.5:1,0.4:04}

4. Intersection, Union, and Difference

By extending the operations of ordinary fuzzy sets in
Definition 2, the set operations on the type-2 fuzzy relations
in T-2FRDB are defined in turn as-below.

Definition 17: Let r| and r, be two type-2 fuzzy relations
over the same schema R(U, y). The intersection of r; and
r2, denoted by ri Nry, is the-a type-2 fuzzy relation r over
R including tuples ¢’s defined by

Definition 18: Let r| and r, be two type-2 fuzzy relations
over the same schema R(U, u). The union of r; and r,
denoted by r U s, is the-a type-2 fuzzy relation r over R
including tuples #’s defined by

rus= {t|/1rUs(t) = MAX(/J,.([), :us(t))}-

Definition 19: Let r; and r, be two type-2 fuzzy relations
over the same schema R(U, u). The difference of r| and r;,
denoted by r—s,is fh&a type 2 fuzzy relation r over R

5 l 0 404 So, the result of the join of PATIENTI

r—s = {t|pra-s(t) = MIN(u, (1), 1 = p5(1))}-

N fe — (o ot ks —
SV I TR Galistone - |V 076 0.3 015 210t 2adyip (=
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S. Preperty-Properties of Algebraic Operations

In this section, we propose some properties of the fuzzy
relational algebraic operations in T-2FRDB as an extension
from those in the classical relational database and T-
1FRDB. Clearly, these properties say that T-2FRDB model
is coherent and consistent.
Theorem 1. Let r be a fuzzy relation over the schema R
in T-2FRDB, ¢; and ¢, be two selection conditions. Then

O, (0-¢2(r)) = 0—¢2(0—¢1(r)) = O-¢1/\¢2(r) (1)

where, the expressions ¢ and ¢, in ¢; A ¢, are assumed
to have the same tuple variable.
Proof: Let s = 0,(r), we have

{t € s|Intr s+(¢1) # 0} (Definition 13)
{t € rlintg r1(¢2) # O A Intg 5 1(¢1) # 0}
{l € r“’”R,r,t(‘pZ) #0A I”tR,r,t(¢1) * O)}

(Because s C r)

{t € rIMIN(Intg,,((¢2), Intg . (¢1)) # 0)}
(Definition 12)

{t € riintr . (2 A ¢1) # 0)} = T 70, (1)

So, 04, (0¢,(r)) = 0pap,(r) is proven. The equa-
tion 04,(04,(r)) = Tg,ng,(r) is proven similarly. Since
o1 A Py & ¢ A @1 (the logical conjunction of selection
conditions is commutative), hence Ty, ng,(r) = Tg,ng, (7).
Therefore, it results in oy, (g, (r)) = 0g,(0p, (r)) and so
04, (04,(r)) = 09, (09, (r)) = Tgp,ng,(r). Thus, Theorem 1
is proven.

Theorem 2. Let r be a fuzzy relation over the schema R in
T-2FRDB, A and B be two subsets of attributes of R and
A C B. Then

O—¢1 (O—¢2 (}’))

A (I (r)) = Ta(r) 2

Proof: Because A C B, so ANB = A. From Definition 14,
it is easy to see that the sides of (2) are the-relations over
the same schema with the-a set of attributes ANB = A.
By the property of the projection of the—elassical-relations
s—classical relations (Definition 9 and Definition 14), it
follows that two classical sets of tuples which are collected
respeetively—from two relations ITx (ITg(r)) and TIa(r) are
the same. Moreover, by Definition 14, the operation MAX
in two sides of (2) is executed on the same value set
of the membership degrees of tuples of r. From that
A (TTg(r)) = Hanp(r) = Ma(r). Thus, the equation (2) is
proven.
Theorem 3. Let R;, R, and R; be the schemas in T-2FRDB
such that if they have the-attributes of the same namethen-,
such attributes have the same value domain. Let |, r, and
r3 be the fuzzy relations over R, R, and Rj3 respectively.
Then

FLP<Fy =Ty 4Ty 3

(rivar)eary =rypa(ry>ar3) “)

Proof: Clearly, r| >« r, and r, »< r| are two relations over
the same schema. By the property of the join of the-classieal
retations——classical relations (Definition 9 and Definition
16), it follows that two classical sets of tuples which are
collected respeetively—from two relations r| > r, and r; »<
ri are the same. In addition, the operation MIN of two fuzzy
numbers (two membership degrees of two tuples in r; and
ry, respectively) has commutativity. From that leading-the
join of tuples has commutativity. So, by Definition 16 we
have ry»<ary = rp bary.

By Definition 16, clearly (r; >« ;) >« r3 and ry > (1 ><
r3) are two relations over the same schema. By the property
of the join of the—elassical-relations——classical relations
(Definition 9 and Definition 16), it follows that two classical
sets of tuples which are collected respeetively—from two
relations (r; >« rp) »< r3 and r| b« (rp >« r3) are the same.
Let A be a common attribute in U;, U, and Us of R;, R
and R;;-beeause-. Because the operation MIN of two fuzzy
numbers and the identical operation of attribute values have
associativity, from-that-the join of tuples has associativity.
Thus, by Definition 16, it results in (r; >« ry) b r3 = 1| <
(r R NE 3).

Because the Cartesian product (Definition 15) is a par-

ticular case of the join, we have the straight corollary of
Theorem 3 belowas follows.
Corollary 1. Let Ry, R, and R3 be schemas in T-2FRDB
such that each pair of them has—net-does not have any
common attribute, ry, r, and r3 be fuzzy relations over R,
R, and Rj3 respectively. Then

r Xr =rXr (5)

(r xXm)Xr3=r; X (rn xr3) (6)

Theorem 4. Let r|, r, and r3 be fuzzy relations over the
same schema R in T-2FRDB. Then

rnnNrmn=rnnrnr (7)
(mNr)Nr=rNn(Nr;) ¥
rnUrmn=nurn )

(rUn)Ur=rU(rnuUr) (10)
Proof: Because the intersection and union operations of sets
and the MIN and MAX operations of fuzzy numbers have
commutativity and associativity. So, by Definitions 17 and
18, it follows that-the equations (7), (8), (9) and (10).



VI. CONCLUSION

In this paper, we have proposed a type-2 fuzzy relational
database model, abbreviated to-T-2FRDB, as an extension
of the type-1 fuzzy relational database models. In T-
2FRDB, the membership degrees of tuples in a relation are
represented by the fuzzy numbers en-in the interval [0, 1].
The data model and fuzzy relational algebraic operations
in T-2FRDB have been defined formally and consistently.
Computing and associating the membership degrees of
tuples in manipulating of the algebraic operations are
implemented by the operations MAX and MIN using the
extension principle. T-2FRDB allows for expressing and
executing the soft queries that are associated with fuzzy sets
for dealing with imprecise information in real databases. A
set of basic properties of the algebraic operations in T-
2FRDB has also been proposed as theorems and proven
completely.

In the next steps, we will extend the-notions of the key
and fuzzy functional dependency in T-1FRDB for T-2FRDB
and build a type-2 fuzzy relational database management
system based on T-2FRDB with the familiar querying
and manipulating language like SQL for representing and
handling the imprecise information in the-real world appli-
cations.
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