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Abstract: In this work, we propose a technique to auto-
matically detect and segment hands-on first-person images of
patients in upper limb rehabilitation exercises. The aim is
to automate the assessment of the patient’s recovery process
through rehabilitation exercises. The proposed technique in-
cludes the following steps: 1) setting up a wearable camera
system and collecting upper extremity rehabilitation exercise
data. After filtering, labeling the left and right hand, as
well as segmenting the image area of the patient’s hand, a
dataset consisting of 3700 images with the name RehabHand
was built. This dataset is used to train hand detection and
segmentation models on first-person images. 2) conducted a
survey of automatic hand detection and segmentation models
using Mask-RCNN network architecture with different back-
bones. From the experimental architectures, the Mask-RCNN
architecture with the Res2Net backbone was selected for all
three tasks: hand detection, left-right hand identification, and
hand segmentation. The proposed model has achieved the
highest performance in the tests. To overcome the limitation
on the amount of training data, we propose to use the transfer
learning method along with data enhancement techniques to
improve the accuracy of the model. The results of the detection
of objects on the test dataset for the left hand is AP = 92.3%,
the right hand AP = 91.1%. The segmentation result on the
test dataset for the left hand is AP = 88.8%, the right hand
being AP = 87%. These results suggest that it is possible to
automatically quantify the patient’s ability to use their hands
during upper extremity rehabilitation.

Keywords: First person image, hand segmentation, transfer
learning, mask R-CNN.

I. INTRODUCTION

First Person Vision (FPV) research has received much
attention in the research community recently [11]. This
field of study is also known as Egocentric vision to em-
phasize the sensor-centered human element. FPV captures

the image directly in front of the camera wearer instead
of observing the entire scene like traditional surveillance
cameras. Therefore, images obtained from FPV have some
key advantages, such as the field of view, especially, hands
and objects are in the center of the image. Image data does
not include personal information (such as the face, other
photo data related to biometric identification) of the person
performing the operation, so it does not violate privacy and
does not contain personal information in the acquired image
data. Currently, wearables cameras such as GoPro Hero 9,
Spectacles 2, Microsoft SenseCam used are becoming more
and more popular due to the reduced cost of sensors. This
has opened up a number of new application directions such
as health care for the elderly, people with dementia, or in the
field of sports, human-machine interaction, virtual reality,
and augmentation reality. In this study, we present some
initial research results on the application of FPV in the
problem of upper extremity rehabilitation (especially for
patients after musculoskeletal surgery, patients recovering
after stroke). It is possible to use first-person imaging to
evaluate the rehabilitation of patients because the field of
view of hands and objects interacting during an exercise
is located in the center of the image. We research and test
advanced deep learning networks (Mask-RCNN) to solve
such tasks as 1) detecting hand regions in images; 2) deter-
mine left or right hand; 3) hand segmentation. The results
of the first task can be used as input for other problems
such as tracking, hand-pose estimation. The second task
was to provide information on which hand performed the
exercise to compare recovery outcomes between the weak
(rehabilitation) and normal hands of the same patient. The
third task, hand segmentation, is used in problems that
directly assess the recovery process or locate the interaction
of hands and objects. Therefore, the study results can

1



Journal on Information Technologies & Communications

be applied to build automated systems to quantitatively
assess the recovery process for patients, helping doctors
reduce costs and time and accurately estimate the process
of patients’ recovery for appropriate treatment.

The two main contributions of the paper include: 1)
performing data collection and building a dataset for hand
detection and segmentation named RehabHand. To our
knowledge, this is the first dataset in Vietnam of patient
hand images in a series of rehabilitation exercises from
a first-person vision and the corresponding hand segment
images with ground truth. 2) explore automatic hand
segmentation and detection models using Mask-RCNN
architecture [5] with different backbones. Based on the
evaluation results, we recommend the Mask-RCNN model
with the highest performance Res2Net [7] backbone. In the
evaluation process, it is proposed to use the transfer learning
method, along with some data augmentation techniques to
improve the accuracy of the model.

The remainder of this paper is organized as follows: Part
II describes relevant studies on FPV or egocentric vision,
particularly those involving hand and object partitioning.
Part III presents the construction of the dataset Rehab-
Hand, which is the exercises of patients with upper limb
rehabilitation; The proposed method is used to detect and
segment hands on the hand segments in first-person images.
Part IV presents the model test settings, evaluation metrics,
and test results. Finally, section V provides conclusions and
directions for future work.

II. RELATED WORKS

Today, research in first-person vision focuses on recog-
nizing actions and objects on images, especially the interac-
tion between hands and objects. A recent survey by Bandini
and colleagues [11] has comprehensively and abundantly
listed related works and research directions until 2018, such
as hand detection, hand segmentation; hand pose estimate;
hand-object interaction activity recognition. For example, in
order to recognize activities by the sensor wearer, in 2009,
Ren et al. [12] laid the first foundation for the study of
characterizing the sensor wearer’s operation/manipulation
through recognition of the object in front of him. There,
the authors collected a database of 42 objects that often
appear in hand operations in activities of daily living. In
the proposed method, these authors used the traditional
feature of SIFT and SVM classifier to detect objects. The
results achieved an accuracy of only 24%. Then, Castro
et al. [13] used convolutional neural networks (CNNs)
to learn contextual factors combined with activity time
factors to recognize activities by the sensor wearer. The
authors compare the performance of Neurons networks with
traditional classification methods such as k-NN, Random

Forest. The proposed convolutional neural network-based
technique achieves higher accuracy.

Regarding first-person databases, there have been several
datasets published in the research community recently.
Bambach et al. [1] introduced a new hand dataset and a
deep learning model for hand detection and segmentation.
Their dataset, Ego-Hands, has pixel-level annotations for
hands, with two participants in each video interacting with
each other. Urooj et al. [2] presented two datasets EgoY-
ouTube – which included first-person videos containing
hands in natural environments and HandOverFace with
hand-held first-person images along with the appearance
of arm-like areas on the image. They fine-tune RefineNet
for hand segmentation and uses the hand segment result to
recognize the camera wearer’s hand gestures. From these
surveys, it can be seen that data collected from wearable
cameras and related studies published in the community
about daily activities is quite common.

However, the problem of hand detection and segmen-
tation in first-person images for rehabilitation applications
has not received much attention. During these exercises,
the patient wears a camera on the head (forehead) or
chest. This camera captures images from a first-person
perspective (sensor bearer) to capture patient hand and
interactive objects data during exercises. To assess the re-
covery process, currently, doctors rely on visual observation
of the exercise process to assess the recovery ability of the
patients’ hands. Therefore, once the patient’s hand image is
segmented during upper extremity rehabilitation exercises,
it is feasible to analyze and evaluate their recovery during
treatment. Likitlersuang, Jirapat et al. [4] developed a first-
person video dataset, "ANS SCI" containing the hands of
individuals with spinal cord injury during daily activities
at home. This work proposed a deep learning model for
hand detection and segmentation based on the Fast R-CNN
architecture.

To the best of our knowledge, there are currently no
studies on auto-detection, and hand segmentation on the
first-person camera recorded images of patients during
rehabilitation exercises in Vietnam. This study shows that
the application of artificial intelligence can quantitatively
calculate the recovery capacity of patients during rehabil-
itation exercises. The results will help doctors diagnose
and make treatment plans for patients, especially given the
data and exercises suitable to the characteristics of medical
facilities in Vietnam.

III. PROPOSE METHOD

1. RehabHand dataset

The RehabHand dataset was collected from rehabili-
tation exercises of patients at Hanoi Medical University
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Figure 1. Set up the rehabilitation data acquisition device.
a) prototype of the device; b) the patient wears the device; c) actual

pictures of patients practicing exercises

Hospital. This dataset consists of frames from the first-
person video captured by cameras worn by the patient on
the forehead and the chest (Fig. 1). The videos are recorded
with a 1080p resolution at 30 frames per second. Data
were collected using GoPro Hero4 camera, San Mateo,
California, USA.

The camera recorded the exercise of 15 patients per-
forming four upper extremity rehabilitation exercises. Each
patient performed each exercise five times. The content of
exercises related to grasping objects in different positions
is shown in Fig. 3 (next page), as follows:
Exercise 1 (Fig.3a) - practicing with the ball, pick up the
round plastic balls with the hand, try to put them in the
right holes;
Exercise 2 (Fig.3b) - practice with water bottles, hold a
water bottle, pour water into a cup placed on the table;
Exercise 3 (Fig.3c) - practicing with the Cuboid: pick up
wooden cubes with the hand, try to put them in the right
holes;
Exercise 4 (Fig.3d) - practicing with cylindrical blocks, pick
up the cylindrical blocks with hands, try to put them in the
right holes;

From the videos obtained (videos mounted on the pa-
tient’s head, chest), we decomposed into videos of different
exercises, 200 video segments in total. In each of these
segments, we randomly select image frames to annotate.
After filtering and normalizing the data, 3700 RGB images
were obtained to prepare for labeling. This selection both
ensures randomness and fully represents the images of each
patient and exercise. The image extracted from the patient’s
exercise video is saved and named the RehabHand dataset.
The images are 1920 x 1440 pixels, with a color depth of 24
bits, and are saved as .png files. We perform annotation of
the images, and each pixel in the image will correspond to a
label assigned to the left-hand or right-hand, or background
region. Fig. 2 illustrates the labeling results of some of the
images in this dataset.

In it, the labels of the left and right hands are defined.
This makes sense in practice. When detecting and partition-

Figure 2. Hand annotated results (left hand - green; right hand - blue)

ing the hand, it is necessary to determine which hand it is
(left, right). Patients are usually weak and need one-handed
rehabilitation, while the other hand can be used to evaluate
and compare the recovery process (weak hand compared to
normal hand).

The polygon labeling for the left and right-hand ar-
eas is done manually through the VGG Image Annota-
tor (VIA) labeling tool. Labeling results are saved in a
.json format file, with the main information being: the
name of the label, the filename of the labeled image,
the image size, the coordinate information of the labeled
areas, the coordinates of the labels. The corresponding
point pair (x,y), all pairs of points (x,y) will form a
polygon area surrounding the labeled arm, the id of the
label (the value “7” is the label assigned to the left hand
and “8” is the label assigned to the right hand). This
link shares the data: https://drive.google.com/file/d/1hde-
GgkTYiHvEHVEptoU8uvCbnQWjjzs/view?usp=sharing.

2. Building a Mask R-CNN network model for hand
detection and segmentation

There are many ways to detect and segment hands from
first-person images, such as convolutional neural networks
that can detect and localize like R-CNNs. Meanwhile,
single-stage networks with faster computation time only
localize objects of interest such as YOLO, SSD. On the
other hand, the approach with two-stage network models
such as Mask R-CNN [5] has been introduced because the
segmentation result needs to be more accurate than the
computational time requirement.

Also, aiming for a technique that can solve all three
requirements: detection of hand areas in images; left/right-
hand indication; hand segmentation, we propose to build
Mask R-CNN model according to the Transfer Learning
method, along with evaluating the model’s performance
with different backbones. As a result, we selected Res2Net
[7] as the backbone. Besides, we also propose some data
augmentation techniques to improve the accuracy of the
model.

Fig. 4 depicts the general diagram of the proposed
method, including the following main parts: 1) Data Aug-
mentation; 2) Transfer Learning with Mask R-CNN network
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Figure 3. Illustration of exercises in the RehabHand dataset

for hand detection and hand segmentation; 3) Save the
trained model parameters; 4) Predict the hand segment on
the test image. The model’s outputs include circling the
arms according to coordinates and length and width, hand
label (left, right), and the resulting hand segmentation in the
image (pixel level). These results will be input in related
problems such as pose estimate, activity recognition, and
measurement of movement-related features in rehabilitation
exercises.

a) Data Augmentation

One of the difficulties when building automatic hand
detection and segmentation models was the limited data
collected for training. Additionally, because the first-person
camera images are worn on the head by the patient, they
can vary significantly with different environment and head
movement conditions. The data augmentation step will
expand the image data to cover all differences due to
different environmental conditions. With data augmentation
techniques, one can increase the amount of training data,
thus reducing the overfitting of models. The methods of
augmentation used in our work are:
- Shifting by a scale factor between -0.0625 and 0.0625:
the image is shifted horizontally and vertically, with the

scaling factor being a random value in the range [-0.0625
to 0.0625]. Once the random value is determined, the
displacement = [tx, ty] is calculated by the scaling factor *
height or width of the corresponding image.
- Increase the brightness of the image (Intensity) with a
scale factor in the range [0.1, 0.3]: The contrast of the image
changes with the scaling factor being a random value in the
range [0.1, 0.3];
- Shift RGB color channel by random value in the range
[-10, 10]: change the value of each color channel R, G, B
at pixels with random increase/decrease value in the range
[-10, 10];
- Shift the HSV color channel by random value: similar to
each RGB color channel, the values at each pixel of the H
and V channels are increased/decreased by a random value
in the range [-20, 20], and for S it is in the range [-30, 30].
- We also perform image blur using Gaussian filter with
mean=0, sigma=1.5, and median filter in window area w=3.
Fig. 5 illustrates some results of the applied data augmen-
tation technique.
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Figure 4. Diagram of the proposed method

Figure 5. Some examples of data augmentation results

b) The architecture of hand detection and segmentation
model

The first-person image segmentation model we use is
the Mask R-CNN model. The general architecture of the
Mask R-CNN network [4] is illustrated in Fig. 6. Mask-
RCNN is essentially an extension of Faster R-CNN [18].
First, Faster R-CNN uses a convolutional neural network
to extract feature maps from the input image. Then, the
extracted image features will be passed through the RPN
(Region Proposal Network) network, returning the borders
around the object that can be left or right hand. The ROI
pooling layer is used to bring the part of the image that
was inside the bounding box in the previous step to the
same size. After being brought to the same size, the image
parts will be passed through a Fully Connected layer to
classify objects. In addition, instead of returning the object’s
label and bounding box like Faster R-CNN, Mask R-CNN
adds an FCN branch to show the segments (masks) of
those objects. Compared with Faster R-CNN, Mask R-CNN
has an improvement that replaces the RoI Pooling block
with RoIAlign block, which increases the accuracy of the
model more. It can be seen that Mask R-CNN is a neural
network operating in two stages. Stage 1 performs feature
extraction from the input image by CNN and uses RPN to
give the bounding boxes of the object; Stage 2 performs
the classification of the bounding boxes from phase 1,
scaling the bounding boxes and creating a mask (for R-

CNN Mask). The CNN network for feature extraction of
the input image is called the backbone of the model, which
is the image layering network that leaves out the last fully
connected layer. In addition, Mask R-CNN also uses an
additional network of FPN (Feature Pyramid Network) with
asymmetric structure with the backbone to obtain features
from many different image ratios. In this study, we evaluate
the performance of the model with different backbones
such as: ResNet[14], ResNeXt[15], HRNet[16], Res2Net[7],
RegNet[17]. Detailed results are presented in section IV.4.
After evaluation, we choose Res2Net [7] as the backbone
to build the Mask R-CNN model.

The rest of our model reuses the entire architecture that
the author of the Mask R-CNN model has given and uses
a transfer learning method that uses parameters from the
model pre-trained on a segmented dataset of objects in the
wild COCO [8] as the initialization parameter for the model.

c) Model training

We use transfer learning when training hand detection
and segmentation models using pre-trained model param-
eters on the COCO natural object segmentation dataset
[8] as the initialization parameter for the model. The loss
functions that are used for the models in this study are:
- 𝐿𝑐𝑙𝑠: sum of 𝐿𝑐𝑙𝑠1 and 𝐿𝑐𝑙𝑠2, which is the loss function
of the classification. 𝐿𝑐𝑙𝑠1 is the loss calculated in the
RPN network and 𝐿𝑐𝑙𝑠2 is calculated in the object detection
network and generates the mask of the model objects.
- 𝐿𝑏𝑏𝑜𝑥 : sum of 𝐿𝑏𝑏𝑜𝑥1 and 𝐿𝑏𝑏𝑜𝑥2, is the loss of predicting
object’s position and size. 𝐿𝑏𝑏𝑜𝑥1 is the loss calculated in
the RPN network and 𝐿𝑏𝑏𝑜𝑥2 is calculated in the object
detection network of the model.
- 𝐿𝑚𝑎𝑠𝑘 : loss for predicting the object’s mask, calculated
by the cross-entropy function between the predicted mask
and the actual mask of the object.

The final loss function used when training the Mask R-
CNN network is: 𝐿 = 𝐿𝑐𝑙𝑠 + 𝐿𝑏𝑏𝑜𝑥 + 𝐿𝑚𝑎𝑠𝑘

To train the image’s hand detection and segmen-
tation model, we use the Adam optimization func-
tion with momentum=0.9, initial learning rate 𝜆=0.001,
weight_decay=0.0001, batch_size=4. The weight of the net-
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Figure 6. Mask R-CNN Network Architecture

work is pre-trained on the COCO dataset as the initializa-
tion parameter for the model. The models are then retrained
on the RehabHand dataset. The results of the training
process are illustrated in Fig. 7. It can be seen that the
training converges after 24 epochs. The loss function value
decreased from 1.17082 to 0.05016, with the component
losses reduced as follows: loss_cls decreased from 0.36345
to 0.00448, loss_bbox 0.13667 decreased from 0.00741,
loss_mask decreased from 0.64049 to 0.03752. Our models
and algorithms are programmed and trained using the
Python programming language and Pytorch library, Ten-
sorflow backend on PC with GeForce GTX 1080 Ti GPU
card.

IV. EXPERIEMENT AND RESULTS

1. Datasets

The RehabHand dataset was used with 3,700 images of
1924 x 1440 pixels that were fully and accurately labeled
with a json file. We have divided this dataset into three
separate subsets for training (train set), validation (valid
set), and testing (test set) with the ratio of 6:2:2 respectively.
There, the number of the train set images is 2220, the
number of valid set images is 740, and the number of test
set images is 740. Corresponding to the three image sets,
there will be 3 json files labeled for the images in each set.

2. Evaluation metrics

In this work, we used AP (Average Precision) [5] as a
measure to evaluate the model. The AP is an arithmetic
metric that computes the inclusion of both precision and
recall. AP is computed by calculating the average interpo-
lation of the precision values over the recall values in [0,1].
We use the interpolation method at 101 recall points which
is the method the authors of the dataset for segmentation
of the COCO dataset proposed. We also use the AP metric
proposed by these authors to evaluate the detection and

Figure 7. The value of loss function during training

segmentation models on the COCO dataset, which includes:
AP𝐼𝑜𝑈=0.5 is the AP value at the threshold of IoU of 0.5,
AP𝐼𝑜𝑈=0.75 is the AP value at the threshold of IoU of 0.75,
and AP is the mean AP value for the threshold of IoU from
0.5 to 0.95 with each increment of 0.05

3. Performance evaluation on CNN pre-trained
encoders

This section reports the image’s hand detection and
segmentation results using the Mask R-CNN model with
different backbones, including ResNet, ResNeXt, HRNet,
Res2Net, RegNet, and compares the performance evaluation
of the model with different backbones. The experiment was
conducted specifically as follows: setting up and training
hand detection and segmentation models using Mask R-
CNN architecture with different backbones: ResNet101 +
FPN, ResNet50 + FPN, Res2Net + FPN, RegNet + FPN,
ResNext + FPN and HRNet + FPN, train the models with
the same training method described in section III.2. Table I
shows that the Mask R-CNN model with Res2Net backbone
has the highest results, with AP = 92.3% for the left-hand
detection and AP = 91.3% for the right-hand detection.
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TABLE I
HAND DETECTION RESULTS WITH DIFFERENT BACKBONE

Backbone AP𝑙𝑒 𝑓 𝑡ℎ𝑎𝑛𝑑(%) AP𝑟𝑖𝑔ℎ𝑡ℎ𝑎𝑛𝑑(%) AP𝐼𝑜𝑈=0.50(%) AP𝐼𝑜𝑈=0.75(%) AP(%)
ResNet101 + FPN 90.9 89.6 97.3 96.8 90.2
ResNet50 + FPN 90.2 88.8 97.5 96.8 89.5
Res2Net + FPN 92.3 91.1 97.7 96.6 91.7
RegNet + FPN 92 90 97.8 96.8 91
ResNext + FPN 92.1 91 96.7 97.8 91.7
HRNet + FPN 91.6 90.4 97 95.8 91

TABLE II
HAND SEGMENTATION RESULTS WITH DIFFERENT BACKBONE

Backbone AP𝑙𝑒 𝑓 𝑡ℎ𝑎𝑛𝑑(%) AP𝑟𝑖𝑔ℎ𝑡ℎ𝑎𝑛𝑑(%) AP𝐼𝑜𝑈=0.50(%) AP𝐼𝑜𝑈=0.75(%) AP(%)
ResNet101 + FPN 88.5 88.9 97.3 96.7 87.3
ResNet50 + FPN 88.3 86 97.5 96.9 87.2
Res2Net + FPN 88.8 87 97.7 97.2 87.9
RegNet + FPN 88.6 86.9 97.8 97.3 87.7
ResNext + FPN 88.7 86.6 97.3 97.8 87.7
HRNet + FPN 88.8 8.62 97 97 87.6

Figure 8. Hand segmentation accuracy on valid set during training

The average detection results are AP𝐼𝑜𝑈=0.50 = 97.7%,
AP𝐼𝑜𝑈=0.75 = 96.6%, AP = 91.7%. Similarly, Table II also
shows that the Mask R-CNN model with Res2Net backbone
achieved the highest results, the left-hand segment with
AP = 92.3%, the right-hand segment with AP = 88.8%,
the average segmentation results are AP𝐼𝑜𝑈=0.50 = 87%,
AP𝐼𝑜𝑈=0.75 = 97.7%, AP = 87.9%. Both tables show Mask
R-CNN model with Res2Net backbone resulted in the
highest performance. Hence we chose the Mask R-CNN
architecture with Res2Net backbone as the architecture for
our hand detection and segmentation model.

4. Results of hand detection and segmentation using
Mask R-CNN architecture with Res2Net backbone

After investigating and evaluating hand detection and
segmentation models using Mask R-CNN architectures with
different backbones, we select Mask R-CNN with Res2Net
backbone as the architecture for hand detection and seg-
mentation model because of the highest results.

Observing the accuracy measurement values in detecting
and segmenting objects on the valid set, as illustrated
in Fig. 8, shows that the mean AP (mAP) value of the
bounding box of the evaluated objects on the valid set
increases from 0.749 to 0.919. Similarly, the mean AP value
(mAP) of the segment of evaluated objects on the valid set
increased from 0.763 to 0.874. Table III is the prediction
results on the test data set with each class of two-handed
objects.

This table shows that the left-hand detection and seg-
mentation results are better than the right-hand. In addition,
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Figure 9. Several illustrations of arm segmentation results with different exercises.
In each exercise, the top row is the original image, the bottom row is the segmentation result

TABLE III
PROPOSED MODEL EVALUATION RESULTS ON EACH CLASS

Object Detection AP𝑏𝑏𝑜𝑥 (%) Segmentation AP𝑠𝑒𝑔𝑚(%)
Left hand 91.1 87

Right hand 92.3 88.8

we also evaluate the accuracy of the average model on all
feature classes in the image, including left-hand, right-hand,
and background, and the average results on all layers are
shown in Table IV.

TABLE IV
PROPOSED MODEL EVALUATION RESULTS ON ALL CLASS

Bbox/Segment AP𝐼𝑜𝑈=0.50 (%) AP𝐼𝑜𝑈=0.75 (%) AP (%)
Hand Detection 97.7 96.6 91.7

Hand Segmentation 97.7 97.2 87.9

This table gives us the general results of the model: the
average object detection is AP𝐼𝑜𝑈=0.5 = 97.7%, AP𝐼𝑜𝑈=75

= 96.6%, AP = 91.7% and the average object segment
is AP𝐼𝑜𝑈=0.5 = 87%, AP𝐼𝑜𝑈=75 = 97.7%, AP = 87.9%.
Fig. 9 visualizes some examples in rehabilitation exercises.
This result shows that although the shape of the hand
can change due to the posture and the way the patient
performs, the resulting segmentation of the image of the
hand was identified (left hand, right hand) and precisely
segmented at the pixel level. Using the proposed technique,

the segmentation results are almost without over/under
segmentation like traditional techniques.
Discussion:

Effects of data augmentation techniques: In order to
evaluate the impact of data augmentation techniques, we
perform the following tests: first, install and train the
data augmentation skipping model. Then install and train
the model using data augmentation techniques. Finally,
compare the results on the experimental dataset to assess the
impact of data augmentation techniques. Table V and Table
VI are comparisons of hand detection and segmentation
results with or without using data augmentation techniques.
These data sheets show that data augmentation contributes
significantly to improving model accuracy.

TABLE V
COMPARE THE RESULTS OF THE HAND DETECTION

Data
Aug.

𝐴𝑃𝑙𝑒 𝑓 𝑡ℎ𝑎𝑛𝑑 𝐴𝑃𝑟𝑖𝑔ℎ𝑡ℎ𝑎𝑛𝑑𝐴𝑃𝐼𝑜𝑈=0.50 𝐴𝑃𝐼𝑜𝑈=0.75 𝐴𝑃

No 91.7 90.6 96.9 96.4 90.6
Yes 92.3 91.1 97.7 96.6 91.7

Execution time: Mask R-CNN networks are commonly
known to significantly improve computation times com-
pared to traditional R-CNN networks, although they cannot
yet reach the speeds of 1-stage networks like SSDs or
YOLOs. By reducing the image resolution to 1330 x

8
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Figure 10. Illustration of some left- and right-hand segmentation results using Mask R-CNN and other comparable networks such as PSPNet, SegNet,
and Unet. Column 1: Original image and segmentation results from the ground truth. Column 2: Segment results left hand (red line) and right hand

(blue line) using Mask R-CNN network (alpha-blending mode from segmentation results). The yellow line is the ground-truth line. Similarly, columns
3,4,5 are the results of PSPNet, SegNet, and Unet. The color convention of the resulting segmentation contour is the same as for the R-CNN Mask

result. The rows represent images at each different hand position (both left and right hand).

TABLE VI
COMPARE THE RESULTS OF THE HAND SEGMENTATION

Data
Aug.

𝐴𝑃𝑙𝑒 𝑓 𝑡ℎ𝑎𝑛𝑑 𝐴𝑃𝑟𝑖𝑔ℎ𝑡ℎ𝑎𝑛𝑑𝐴𝑃𝐼𝑜𝑈=0.50 𝐴𝑃𝐼𝑜𝑈=0.75 𝐴𝑃

No 88.2 86.3 97.4 96.5 87.2
Yes 88.8 87.0 97.7 97.2 87.9

800 pixels, the calculation time can reach three fps. The
image size was reduced without loss of details to achieve
acceptable computation time.

Compare the results of Mask R-CNN and some popular
image segmentation deep learning networks: We install
three deep learning networks of object segmentation to
compare with Mask R-CNN network, including SegNet[19],
Unet[20], and PSPNet [21]. These models are trained and
tested using the RehabHand dataset with the same training
and testing data set as the settings with the Mask R-
CNN model mentioned above. Specifically, the data set
is divided into three separate subsets for training (train
set), monitoring (valid set), and testing (test set) with the
respective ratio of 6:2:2. Table VII shows the results of hand
object segmentation with different deep learning networks.
This table shows that Mask R-CNN achieved the highest
accuracy with IoU for the left hand of 89.52% and the right
hand of 91.87%. In addition, Fig. 10 illustrates the results of
Mask R-CNN with the compared networks of SegNet, Unet
and PSPNet with some image data from the RehabHand
dataset. The illustrations show that Mask R-CNN gives
the highest segmentation accuracy results compared to the

compared networks. Mask R-CNN gives stable and accurate
segmentation results in most cases. Meanwhile, Unet and
PSPNet often suffer from under-segmentation or confusion
between the left and right-hand regions. SegNet also gives
good results in almost cases but often missing segmentation
at the level of detail such as fingertips or arm parts.

In this paper, we have built a dataset for rehabilitation
patients. These are people who are undergoing rehabili-
tation treatment after injury or stroke. To our knowledge,
datasets similar to RehabHand have not been published.
The patient’s hand activity is different from other popular
data sets such as EgoGesture [22], EgoHands [23], EGTEA
[24]. These are databases collected from ordinary people
with data collecting daily activities, activities in the kitchen.
The performance evaluation of networks based on R-CNN
architecture with databases obtained from the first-person
camera can be referred to in the article [11]. The results
also show that R-CNN networks have also achieved good
results with data sets obtained from first-person cameras
such as EgoGesture, EgoHands, and EGTEA. Although
these datasets have variations in light intensity and have

TABLE VII
HAND SEGMENT WITH DIFFERENT NEURON NETWORKS

Network IoU𝑙𝑒 𝑓 𝑡ℎ𝑎𝑛𝑑(%) IoU𝑟𝑖𝑔ℎ𝑡ℎ𝑎𝑛𝑑(%)
SegNet 80.95 83.65
Unet 75.57 79.65
PSPNet 67.58 80.02
MaskRCNN 89.52 91.87
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complex backgrounds with diverse types of hand activity
in daily life.

V. CONCLUSION

We have presented initial studies on artificial intelli-
gence in the assessment of the rehabilitation process as
a prerequisite for carrying out further studies. Collection
and segmentation labeling, hand object detection totaling
3700 images from first-person videos of patients in upper
extremity rehabilitation exercise and used this dataset for
models training and pilotting. The dataset is shared within
the research community. Propose a transfer learning method
based on the Mask-RCNN model to detect and segment
hand objects on first-person images of patients in upper
limb rehabilitation exercises. After model implementation,
training, and evaluation based on Mask-RCNN architec-
ture with different recently announced backbones including
ResNeXt, HRNet, Res2Net, ResNet different backbones
including Resnet50, Resnet101, Res2Net, we choose Mask-
RCNN architecture with Res2Net + FPN backbone as
architecture due to best performance and high accuracy
results in hand detection and segmentation. The left-hand
detection result is AP = 92.3%, the right-hand is AP
= 91.1%. The result of left-hand segmentation is AP
= 88.8%, and the right-hand is AP = 87%. Although
the obtained results are reliable and stable, the Mask-
RCNN with backbone architecture Res2Net has to learn
a rather large number of parameters and requires a lot
of computational resources. The next studies are expected
to research other deep learning techniques to improve the
model so that the model can be deployed on systems with
limited computational resources. We will also continue to
study the features that can be extracted from the study
results to provide quantitative results in the recovery process
of patients participating in upper extremity rehabilitation
exercises.
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Abstract: Utility mining (UM) is an efficient technique for
data mining which aim to discover critical patterns from
various types of database. However, mining data can reveal
sensitive information of individuals. Privacy preserving utility
mining (PPUM) emerges as an important research topic in
recent years. In the past, integer programming approach was
developed to hide sensitive knowledge in a database. This ap-
proach required a significant amount of time for preprocessing
and formulating a constraint satisfaction problem (CSP). To
address this problem, we proposed a new algorithm based on
a hash data structure which performs more quickly in itemsets
filtering and problem modeling. Experiment evaluations are
conducted on real world and synthetic datasets.

Keywords: Hash, privacy, sanitization, utility mining

I. INTRODUCTION

Data mining is the process of discovering interesting
patterns in a massive and complicated data collection.
Those patterns can be used to make the world a more
prosperous and secure place to live. In truth, data mining is
a double-edged sword. It can be used to improve our lives
through personal advertising, improved medicine and health
care, reduced crime, and many more ways. At the same
time, however, it can also be used to discover confidential
information, to target us with unwanted advertising, and fur-
thermore, to control our behavior through social networks.
The debate between the benefits and privacy considerations
of data mining are apparent in the discussions [1].

The above issues make Privacy-Preserving Data Mining
(PPDM) a critical research problem. The first work was
published by Agrawal et al. [2]. Since then, several methods
has been proposed to hide patterns in binary datasets [3, 4].
The most common approach of PPDM is hiding sensitive
information by perturbing the original database. However,
it will cause several side effects such as missing non-
sensitive patterns and introducing redundant information.

Sanitizing data and hiding sensitive information is a NP-
hard optimization problem [2, 5].

Utility pattern mining is a high practical technique in
data mining that can analyze relationships between itemsets
in transactional database [6]. It allows revealing itemsets
yielding high profits by considering both unit profits of
items and their quantities in transaction. This method can
also cause privacy concerns since hidden pattern found
by mining process may implicitly reveal private informa-
tion [7]. For this reason, various approaches for privacy
preserving utility mining (PPUM) were proposed [8]. In the
majority of published studies, PPUM conceals confidential
information, perturb the original database by removing or
reducing quantities of certain items in transactions. The
first strategies was introduced by Yeh and Hsu with two
algorithms named HHUIF and MSICF [7]. Each algorithm
find target transaction and item in each iteration by its
own way then modify item’s quantities to reduce the
utility of sensitive high-utility itemset (SHUI). Another two
algorithms was presented by Lin et al. [9, 10]. They hide the
itemsets by transaction insertion and transaction deletion.
Lin also proposed three evaluation measure for PPUM [11].
Although all sensitive itemsets can be hidden by those algo-
rithms, obtained results have less generality and high rates
of side effects. To solve this problem, an algorithm named
PPUM-ILP was proposed by Li et al. [12]. They model
hiding process as a CSP and solve it with integer linear
programming (ILP) technique to change itemset states in a
precise and general way. However, their publication does
not specify the CSP formulation mechanism which can
cause serious performance problem.

In this paper, we introduced a new algorithm which based
on integer programming and hash data structures with main
contributions as follows.

1) Introducing a hash structures called IT which can
be used to quickly filter itemsets and formulating

12
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constraints.
2) Proposing an efficient strategy for modeling sanitiza-

tion process.
3) Providing extensive experimental results with more

complicated utility generation to illustrate the disad-
vantages of ILP based approach.

II. RELATED WORKS

1. High utility itemset mining

High-utility itemset mining (HUIM) was first represented
by Chan et al. [13]. HUIM methods consider items with
different profits and their quantities (or frequencies) in
transactions not only present with binary values. They aim
at discovering all itemsets that yield utilities larger than a
user-defined threshold.

In recent years, HUIM has become a popular research
topic. It was first represented by Chan et al. [13]. Later
on, Yao and et al. published two algorithms with a formal
model for HUIM [6]. For an effective pruning process,
Liu et al. introduced the Transaction Weighted Utilization
(TWU) [14] model. This model speed up the discov-
ering process by finding High-TWU itemset (HTWUI).
All above methods follow the level-wise approach, they
perform unnecessary candidate generations and database
scans. To overcome this issue, Lin et al. [15] designed a
tree structured named HUP-tree. First, the algorithm find
all 1-HTWUIs (HTWUIs contain only one item). After
that, the HUP-tree is constructed for finding all HUIs.
Another approach with a novel algorithm called HUI-miner
was presented by Liu and Qu [16]. They used the utility-
list structure for storing database information and directly
mining HUIs without database scan either candidate gen-
eration. For real life problems, Lin et al. [17] introduced a
new approach named potential high-utility itemsets mining
(PHUIM) to discover itemsets with high-utility as well
as itemsets with high existence probabilities. Besides, Lin
proposed algorithms for mining HUIs with negative unit
profits [18] and multiple minimum utility thresholds [19].
Stream data [20], closed HUIs [21, 22], etc. were also
received attention.

2. Privacy-preserving utility mining

With the development of high-utility pattern mining, con-
cerns about privacy especially in commercial environments
have become increasingly important. The requirement of
protecting sensitive information is becoming more and
more urgent. In order to mitigate the privacy threats in
utility pattern mining, privacy-preserving utility mining was
proposed and got attention of researchers all over the world.

The first work in PPUM was introduced by Yeh et al. [7]
with two algorithms, namely, HHUIF and MSICF. The
main approach of these algorithms is using heuristic for
finding and reducing the quantities of items in specific
transactions, thereby achieving the goal of the problem.
However, over scanning database in HHUIF and MSICF
leads to slow executions. To alleviate this problem, Yun
and Kim [23] constructed the FPUTT tree structure and
used two structures to speed up the hiding process. FPUTT
only need three database scans for the hiding process.
Although faster than previous algorithms, FPUTT tree is
not compact. During sanitization process, many conditional
trees are generated, which make highly computational and
memory costs.

Two other heuristic algorithms were proposed by Lin
et al. [11] named MSU-MAU and MSU-MIU [11]. They
designed the Maximum Sensitive Utility concept to delete
items or reduce their quantities. Because the differences
with traditional frequent itemset mining, Lin also proposed
three evaluations for utility mining. In the other hand,
meta-heuristic method also got adapted to solve PPUM
problems. Two algorithms based on genetic algorithm,
namely, PPUM+insert and PPUMGAT were designed by Li
et al. [9, 10]. PPUMGA+insert insert artificial transaction
to original database while PPUMGAT remove available
transaction. However, insertion/deletion change the number
of transactions and may introduce ghost itemsets.

Minimizing the negative effects of the data perturbation
is still a problem that has to be solved. To address this
problem, an improved algorithm of MSICF named IMSICF
was proposed by Liu et al. [24]. The conflict counts of
each sensitive itemset are computed dynamically during the
hiding process. Although the computational cost is high, in
worst cases, we still lose nearly eighty-percent non-sensitive
information. For more accurate and general results, instead
of using heuristic Li et al. [12] formulate the sanitization
process into a CSP problem and use the CSP solution to
hide sensitive data.

III. PRELIMINARIES

In this section, some preliminaries and PPUM problem
is described briefly. A quantitative transactional database 𝐷

contains 𝑁 transactions: 𝐷 = {𝑇1, 𝑇2, ..., 𝑇𝑁 }. A transaction
𝑇𝑛 ∈ 𝐷 (1 ≤ 𝑛 ≤ 𝑁) includes one or more different items
and their quantities in transaction. Let 𝐼 = {𝑖1, 𝑖2, . . . , 𝑖𝑀 }
denoted the 𝑀 unique items of 𝐷, a transaction will be a
subset of 𝐼 (𝑇𝑛 ⊂ 𝐼). Each transaction is identified with a
𝑖𝑑: 𝑡𝑖𝑑. Table I represents a quantitative database, values in
table I are external utilities of items in 𝐼.
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Figure 1. The general PPUM process.

TABLE I
A QUANTITATIVE TRANSACTIONAL DATABASE

tid A B C D E
0 3 7 0 4 5
1 3 6 0 0 0
2 0 0 4 6 0
3 0 0 6 4 3
4 7 1 0 6 0
5 0 0 0 3 9
6 7 3 0 0 0
7 5 0 2 3 0
8 8 0 6 0 0
9 6 0 8 0 6

TABLE II
EXTERNAL UTILITY VALUES

Item External Utility
A 9
B 8
C 1
D 6
E 4

Definition 1 (Internal Utility): The internal utility of item
𝑖𝑚 in transaction 𝑇𝑛 denoted as In(𝑖𝑚, 𝑇𝑛) is the quantity of
𝑖𝑚 in transaction 𝑇𝑛.

For example, in Table I the internal utility of item 𝐴 in
transaction 𝑇0 is 3: In(𝐴,𝑇0) = 3.

Definition 2 (External Utility): The external utility of
item 𝑖𝑚 denoted as Ex(𝑖𝑚) represents the significant or
profit of item 𝑖𝑚.

For example, in Table II the external utility of item 𝐵 is 8:
Ex(𝐵) = 8.

Definition 3 (Utility of item 𝑖𝑚 in transaction 𝑇𝑛): The
utility of item 𝑖𝑚 in transaction 𝑇𝑛 denoted as 𝑢(𝑖𝑚, 𝑇𝑛) is
computed by: 𝑢(𝑖𝑚, 𝑇𝑛) = In(𝑖𝑚, 𝑇𝑛) × Ex(𝑖𝑚).

For example, the utility of item 𝐵 in transaction 𝑇0 is :
𝑢(𝐵,𝑇0) = In(𝐵,𝑇0) × Ex(𝐷) = 7 × 8 = 56.

Definition 4 (The utility of itemset 𝑋 in transaction 𝑇𝑛):
The utility of itemset 𝑋 in transaction 𝑇𝑛 (𝑋 ⊆ 𝑇𝑛) denoted
as 𝑢(𝑋,𝑇𝑛) is the sum utility of all items of 𝑋 in transaction
𝑇𝑛:

𝑢(𝑋,𝑇𝑛) =
∑︁
𝑖𝑚∈𝑋

𝑢(𝑖𝑚, 𝑇𝑛).

Note that, 𝑢(𝑋,𝑇𝑛) = 0 if 𝑋 ⊈ 𝑇𝑛. Particularly, the utility of
itemset {𝐴𝐷} in transaction 𝑇0: 𝑢 ({𝐴𝐷}, 𝑇0) = 𝑢(𝐴,𝑇0) +
𝑢(𝐷,𝑇0) = 3×9+4×6 = 51. Because {𝐴𝐷} ⊈ 𝑇1 its utility
in transaction 𝑇1 𝑢({𝐴𝐷}, 𝑇1) = 0.

Definition 5 (The utility of transaction): The utility of
transaction 𝑇𝑛: 𝑡𝑢(𝑇𝑛) =

∑
𝑖∈𝑇𝑛 𝑢(𝑖, 𝑇𝑛).

Definition 6 (The utility of itemset 𝑋 in database 𝐷):
The utility of itemset 𝑋 in 𝐷 is the sum of utilities of 𝑋

in all transactions contain 𝑋: 𝑢(𝑋) = ∑
𝑇∈𝐷,𝑋⊆𝑇𝑛 𝑢(𝑋,𝑇𝑛).

For example, the utility of itemset {𝐴𝐶} in the database I
is: 𝑢({𝐴𝐶}) = 𝑢({𝐴𝐶}, 𝑇7) + 𝑢({𝐴𝐶}, 𝑇8) + 𝑢({𝐴𝐶}, 𝑇9) =
(5×9+2×1)+(8×9+6×1)+(6×9+8×1) = 47+78+62 = 187.

Definition 7 (The minimum utility threshold): The min-
imum utility threshold denoted as 𝛿, is a constant defined
by the user to determine whether an itemset is valuable or
not.
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Definition 8 (The high-utility itemset (HUI)): An itemset
𝑋 is called high-utility if its utility is greater than or equal
the minimum utility 𝛿.

Let 𝐻 be the set of all high-utility itemset in 𝐷: 𝐻 =

{𝑋 ⊆ 𝐼 : 𝑢(𝑋) ≥ 𝛿}. Problem. Given a database 𝐷, a set
of HUIs 𝐻 and its subset 𝑆 contains sensitive high-utility
itemset (SHUIs) defined by the user. PPUM problem is
finding an appropriate way to modify 𝐷 into the sanitized
one 𝐷′ that conceals all itemsets in 𝑆 and minimizes the
negative effects to the non-sensitive patterns in 𝐻.

A general process of PPUM is described in Figure 1

1. Side effects

All information that does not affect privacy should be
retained to acquire benefits of pattern discovering pro-
cess. However, hiding sensitive information cause some
undesirable impact to the non-sensitive information. Three
measures for the negative effects proposed by Lin [11] will
be used for results evaluations. Let the original data denoted
as 𝐷, the perturbed 𝐷′. 𝐻′ is the set of high-utility itemsets
(HUIs) in 𝐷′. Let 𝑁 is the set of non-sensitive high-utility
itemsets (NHUIs) in D and 𝑆 is the set of SHUIs in D.

Definition 9 (Hiding Failure): Hiding Failure represents
that some sensitive itemsets in D are still be found as high-
utility itemsets in D’. Let 𝐻𝐹 denote the hiding failure, HF
can be calculated as follows:

𝐻𝐹 =
|𝑆 ∩ 𝐻′ |
|𝑆 |

Definition 10 (Missing Cost): Missing cost indicates the
lost of NSHUIs after the sanitization process. Let MC
denoted the missing cost. MC can be calculated as follows:

𝑀𝐶 =
|𝑁 − 𝑁 ∩ 𝐻′ |
|𝑁 |

Definition 11 (Artificial Cost): Artificial cost represents
the redundant itemsets introduced by PPUM algorithms.
Let AC denote the artificial cost. AC can be calculated as
follows:

𝐴𝐶 =
|𝐻′ − 𝐻 ∩ 𝐻′ |

|𝑁 |

In addition, in [12] Li et al. proposed a new measure
named hiding cost by combining the missing cost and the
artificial cost and used hiding cost to evaluate the side
effects of PPUM algorithms.

Definition 12 (Hiding cost): Hiding cost denote the ratio
of the number of lost NSHUIs and false HUIs in 𝐷′ to the
number of NSHUIs in the original database. HC can be
calculated as follows:

𝐻𝐶 =
|𝑁 − 𝐻′ |
|𝑁 |

The formula show that the hiding cost represents no
information about the redundant HUIs (or the false HUIs)
in 𝐷′. Therefore, we did not use the hiding cost for our
evaluation.

Figure 2. Three side effects of PPUM.

IV. THE PROPOSED ALGORITHM FILP

The main idea of PPUM based on integer programming
is formulation the hiding sensitive information process
into a constraint satisfaction problem. The CSP has two
principal objectives, i.e, hiding SHUIs and minimizing
negative effects. To do that, we divide the PPUM based
ILP approach into four main steps. Firstly, data structures
maintain relationships between itemsets and their support
transactions will be constructed. Secondly, the unaffected
and redundant itemsets get removed. Thirdly, CSP is formu-
lated and solved. Finally, the CSP solution is used to perturb
the database. The whole sanitization process is described
in Figure 3.

1. IT tables construction

The PPUM problem input consists of: the original
database 𝐷, the set of sensitive itemsets 𝑆, the set of HUIs
𝐻 and the minimum utility threshold 𝛿. For preserving the
relations between itemsets and transactions, and speeding
up the preprocessing and establishing constraints processes,
we designed a table structure called itemset-tidset table
(IT).

Definition 13: Given a set of itemsets, the itemset-tidset
table (IT) consists of 3 columns. The first column stores
itemset by hash set structure. The second also uses hash
set to store tids of transactions that respectively support
the itemsets in first column. The third column stores the
itemset utilities.

The sensitive itemset-tidset table (S-IT) is constructed by
scan the original database once. Each 𝑠𝑖 ∈ 𝐼𝑆 get hashed
and stores in S-IT table with it utility. Transactions support
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TABLE III
THE IT TABLE STRUCTURE

(Hashed)
High-utility itemset

(Hashed)
Tidset Utils

𝑎1 𝑡1 𝑢1
𝑎2 𝑡2 𝑢2
𝑎3 𝑡3 𝑢3

𝑠𝑖 are found by the scan and the set of their tids gets
hashed. The S-IT table is used to establish CSP and find
special HUIs. With the utilization of S-IT and a prober CSP
construction methods, we can reduce database scanning
times in preprocessing and CSP formulation of PPUM
based ILP approach and avoid handling separately each
SHUI like heuristic, based methods. Non-sensitive itemset-
tidset (N-IT) table also is constructed in same database
scan. The only difference of N-IT and S-IT is that N-IT
store information for NSHUIs instead of SHUIs. The table
construction is described in Algorithm 1.

Algorithm 1: Table Construction
1 Input: 𝐷, the original database; 𝐻, the set of HUIs

discovered from 𝐷; 𝑆, the set of SHUIs to be hidden
2 Output: N-IT, S-IT tables.
3 begin
4 foreach transaction 𝑇𝑛 ∈ 𝐷 do
5 foreach itemset 𝑋 ∈ 𝐻 do
6 if 𝑋 ⊆ 𝑇𝑛 then
7 if 𝑋 ∈ 𝑆 then
8 Insert 𝑋 , 𝑈 (𝑋) into S-IT, stores tid

of 𝑇𝑛;
9 end

10 Insert 𝑋 , 𝑈 (𝑋) into N-IT, stores tid of
𝑇𝑛;

11 end
12 end
13 end
14 Hash stored tidsets and insert them to IT tables;
15 end

2. Preprocessing

Concealing SHUIs affect the NSHUIs that share same
items and transactions. The consequence is losing infor-
mation or introducing redundant information. As [12] sug-
gested, filtering itemsets that get affected by perturbation
make the hiding process more efficient. The proposed
algorithm also used the same filtering strategy. The first
phase of preprocessing is applying a filter mechanism.

Definition 14 (Filter mechanism [12]): Given the sets of
sensitive itemsets 𝑆 and the set of NHUIs 𝑁 . Itemset 𝑛𝑖 ∈ 𝑁
will be affected by hiding process if it shares at least one
item and one transaction with any sensitive itemset 𝑠𝑖 ∈ 𝑆

Let 𝑁 ′ be the set of remaining NSHUIs of 𝑁 after the
filtering. Next step we find bound-to-lose itemsets in 𝑁 ′.

Because such itemsets have utility lower than its sensitive
superset, removing them can help avoid some conflict
constraints in the CSP.

Definition 15 (Bound-to-lose itemset [22]): Given itemset
𝑋 , sensitive itemset 𝑌 and the set of transactions 𝑇𝑋, 𝑇𝑌 that
respectively support 𝑋 , 𝑌 . 𝑋 is called bound-to-lose itemset
if 𝑋 is a high-utility itemset and 𝑋 ⊂ 𝑌 ∧ 𝑇𝑋 = 𝑇𝑌 .

Let the set of remaining NHUIs is 𝑁 ′′. Last step is re-
moving itemsets corresponding to unnecessary constraints.
In particular, if two itemset 𝑛𝑖1 , 𝑛𝑖2 ∈ 𝑁 ′′ share same
transaction set 𝑇𝑛𝑖1 and 𝑛𝑖1 ⊂ 𝑛𝑖2 , 𝑛𝑖2 will be removed of
𝑁 ′′. The whole preprocessing is described in Algorithm 2.

Algorithm 2: Preprocessing
1 Input: N-IT, S-IT tables
2 Output: Modified N-IT, S-IT tables. begin
3 foreach itemset 𝑛𝑖 in N-IT do
4 𝐿 ← 0; ;
5 foreach itemset 𝑠𝑖 in S-IT do
6 if 𝑛𝑖 ∩ 𝑠𝑖 ≠ ∅ and 𝑇𝑛𝑖 ∩ 𝑇𝑠𝑖 ≠ ∅ then
7 if 𝑛𝑖 ⊆ 𝑠𝑖 and 𝑇𝑛𝑖 = 𝑇𝑠𝑖 then
8 Delete 𝑛𝑖 from N-IT;
9 end

10 end
11 𝐿 ← 𝐿 + 1;
12 end
13 if 𝐿 == |𝑆 | then
14 Delete 𝑛𝑖 from N-IT;
15 end
16 end
17 foreach itemset 𝑛𝑖2 in N-IT do
18 foreach itemset 𝑛𝑖1 in N-IT do
19 if 𝑛𝑖1 ≠ 𝑛𝑖2 and 𝑛𝑖1 ⊆ 𝑛𝑖2 and 𝑇𝑛𝑖1

= 𝑇𝑛𝑖2
then

20 Delete 𝑛𝑖2 from N-IT;
21 break;
22 end
23 end
24 end
25 end

As shown in Algorithm 2, the preprocessing perform
various operators to find the relation, i.e, the intersections
between itemsets. Let 𝑚 is the mean length of high-
utility itemsets, the time complexity to find the intersection
between two itemsets is 𝑂 (𝑚𝑚). In worst cases, we need to
find the intersections of

( |𝐻 |
2
)

pair of itemsets, which lead

to 𝑂

( ( |𝐻 |
2
)𝑚𝑚 )

. With the utilization of IT table, tidsets and
itemsets are represented by hash structures. It reduced the
time complexity for intersection to 𝑂 (𝑚) and the whole
preprocessing in the worst case to 𝑂

( ( |𝐻 |
2
)𝑚)

.

3. Problem formulation

The effective way to hide sensitive itemsets is chang-
ing internal utilities of item. Finding the CSP solution
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Figure 3. The PPUM based ILP approach.

is finding the optimal values for internal utilities. Those
values make the sensitive high-utility itemsets become low-
utility itemsets and minimize the negative impact to non-
sensitive high-utility itemsets. In [12], authors did not
specify the CSP formulation. The problem is a brute-
force CSP formulation can lead to serious performance
degradation. The proposed algorithm uses a well-designed
process and utilizes the proposed data structure for faster
formulating.

First, all the internal utilities of SHUIs in 𝑆 is sub-
stituted by integer variables. Specifically, for each SHUI
stored in S-IT, we will get the combinations of item
and tid. Each combination will be used as index to
indicate its utility. After this step, a hash table with
variables and their utilities is constructed. Let 𝑉 =

{𝑣𝑛𝑚 |𝑛 ∈ [1, 𝑁] ∩ N, 𝑚 ∈ [1, 𝑀] ∩ N}, 𝑣𝑛𝑚 represents the
internal utility of itemset 𝑚 in transaction 𝑛. The minimum
value of a variable is suggested to be 1 [12]. A SHUI 𝑋

become LUI, if: ∑︁
𝑇𝑛∈𝐷,𝑋⊆𝑇𝑛

∑︁
𝑖𝑚∈𝑋

𝑣𝑛𝑚𝐸𝑥(𝑖𝑚) < 𝛿 (1)

In the same above step, the constraints that correspond
to formula 1 also are established. Note that, for better com-
munication with mathematical solvers, constraints should
be represented by coefficient matrix. For example, let 𝑴𝑺

be the coefficient matrix of constraints corresponding to
formula 1, 𝒗 be the vector of variables. To add these
constraints to a solver, we simply multiply the coefficient
matrix 𝑴𝑺 with the vector of variables 𝒗: 𝑴𝑺𝒗 ≤ 𝜹.

Let 𝑈 is the set of internal utilities of item in 𝑅:

𝑈 = {𝑢𝑛′𝑚′ |𝑛′ ∈ [1, 𝑁] ∩ N, 𝑚′ ∈ [1, 𝑀] ∩ N}

𝑢𝑛′𝑚′ represents two states of internal utility, i.e:

𝑢𝑛′𝑚′ =

{
𝑣𝑛′𝑚′ , if 𝑣𝑛′𝑚′ ∈ 𝑉,
In(𝑖𝑚′ , 𝑇𝑛′ ), otherwise

An itemset 𝑌 ∈ 𝑅 utility remains higher than minimum
utility threshold if:∑︁

𝑇𝑛′ ∈𝐷,𝑌⊆𝑇𝑛′

∑︁
𝑖𝑚′ ∈𝑌

𝑢𝑛′𝑚′𝐸𝑥(𝑖𝑚′ ) ≥ 𝛿 (2)

Building constraints according to formula 2 without
the hash table of variables and the N-IT table has enor-
mous time cost. To establish the constraint of a NHUI
in 𝑅, we have to find the intersection between it and
each SHUI, which time complexity is 𝑂

(
|𝑆 |𝑚𝑚 )

. Be-
sides, intersections between tidsets of SHUI and NHUI
also have to be found. Let 𝑡 is the average number of
transactions that support a HUI, the time complexity for
getting tidset intersections is 𝑂

(
|𝑆 |𝑡 𝑡

)
. Moreover, we need

to scan the database once to compute the remaining util-
ity of the NHUI after substitution. Average time com-
plexity for this scan (not included data loading time) is
𝑂 (𝑚 × 𝑡). So the complexity for establishing the constraint
of a NHUI is 𝑂

(
|𝑆 |𝑚𝑚 + |𝑆 |𝑡 𝑡 + 𝑚 × 𝑡

)
. The complexity

of establishing constraints corresponding to formula 2 is
𝑂

(
|𝑅 | |𝑆 |𝑚

𝑚+|𝑆 |𝑡𝑡 +𝑚×𝑡
)
. With the variable hash table to

check whether a combination is substituted or not only has
time complexity 𝑂 (1). Because the utilities of variables
and utilities of NHUIs are stored in data structures. We
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can compute the remaining utility of a NHUI only by a
subtraction. The time complexity of establishing formula
2 constraints is reduced to 𝑂 ( |𝑅 |𝑚×𝑡 ). The time complex-
ity comparison of proposed algorithm and PPUM-ILP is
shown in Table IV. Let 𝑴𝒏 be the coefficient matrix of
constraints corresponding to formula 2, 𝒓 be the vector of
remaining utilities. These constraints can be formulated by:
𝑴𝒏𝒗 ≥ 𝜹 − 𝒓.

For reducing artificial cost, the objective function is
minimizing the sum of integer variables. Formally, the CSP
is described as follows:

𝑚𝑖𝑛
∑︁

𝑣𝑛𝑚∈𝑉
𝑣𝑛𝑚 (3)

𝑠.𝑡.
∑︁
𝑖𝑚∈𝑋

∑︁
𝑇𝑛∈𝑇𝑋

𝑣𝑛𝑚𝐸𝑥(𝑖𝑚) ≤ 𝛿, ∀𝑋 ∈ 𝐼𝑆 (4)∑︁
𝑖𝑚′ ∈𝑌

∑︁
𝑇𝑛′ ∈𝑇𝑌

𝑢𝑛′𝑚′𝐸𝑥(𝑖𝑚′ ) ≥ 𝛿, ∀𝑌 ∈ 𝐼𝑅 (5)

𝑣𝑛𝑚 ≥ 1, ∀𝑣𝑛𝑚 ∈ 𝑉 (6)

The CSP does not always arrive at a feasible solution.
The proposed algorithm uses the same relaxation method
introduced in [12], finding relaxation by removing con-
straints iteratively.

Algorithm 3: CSP Formulation
1 Input: S-IT, N-IT tables.
2 Output: CSP model.
3 begin
4 Using the S-IT table create a hash table 𝑉 to store

variable positions and utilities; establish inequalities
according to formula 4.;

5 foreach itemset 𝑛𝑖 in N-IT do
6 Subtract the sum of the variable utilities in 𝑛𝑖

from 𝑛𝑖 utility.;
7 Establish inequalities according to formula 5.;
8 end
9 end

V. ILLUSTRATED EXAMPLE

In this section, the overall algorithm process is described
step-by-step via an illustrated example. Returning to the
database 𝐷 in Table I, suppose that the minimum utility
threshold 𝛿 is set to 124 and {𝐴𝐵} is the sensitive itemset.
The N-IT (Table V) and S-IT (Table VI) tables are first
constructed. To reduce the size of problem, the itemsets
in the N-IT table are preprocessed. First, the itemsets that
will not be affected by the sanitization process are removed.
In this case, itemsets {𝐷} and {𝐷𝐸} are removed because
they have no items in common with itemset {𝐴𝐵}. Itemsets
{𝐴𝐶} and {𝐴𝐵} are not supported by any of the same trans-
actions; thus, we delete {𝐴𝐶} from the N-IT table. Itemset
{𝐵} is not closed to {𝐴𝐵}, so it is eliminated to avoid

conflict when establishing the constraints. Last, redundant
itemsets are removed to obtain a smaller-sized problem.
Itemset {𝐵𝐷} is not closed to itemset {𝐴𝐵𝐷}, so {𝐴𝐵𝐷}
is deleted directly. Table VII shows the preprocessed N-IT
table.

After preprocessing, we establish the CSP. Sensitive
items of sensitive itemsets in transactions are replaced
by integer variables, and constraints corresponding to for-
mula 4 are formulated by scanning the S-IT table (Table V).
Next, we scan the N-IT table (Table VII) and establish
constraints for formula 5. We can compute the remaining
utilities of the itemsets rapidly after substitution by sub-
tracting variable utilities from their utilities. In our example,
remaining utility of itemset {𝐴} after subtracting its utility
from the 𝑇0, 𝑇1, 𝑇4 and 𝑇6 transactions is 171. One-hundred
seventy-one is higher than minimum utility threshold (124),
so there is no need to establish a constraint for {𝐴}. In
this example, the CSP does not have a feasible solution, so
a relaxed solution is used to create sanitized database 𝐷′

(Table VIII).

In the mining result (Table IX), sensitive itemset {𝐴𝐵}
is hidden; note that we lose some NSHUIs: {𝐵} (bound-to-
lose itemset), {𝐴𝐵𝐷𝐸} and {𝐵𝐷}. Furthermore, no LUI
becomes a HUI. Overall, 𝐻𝐹 = 0, 𝑀𝐶 = 0.3 and 𝐴𝐶 = 0.

VI. EXPERIMENTAL RESULTS

1. Experimental environments

We performed the experiments on an Intel(R) Core(TM)
i7-6700 CPU @ 3.40GHz, RAM 32GB. Two real world
small datasets and a synthetic large dataset with their char-
acteristics are displayed in Table X. The density of a dataset
is measured as the average transaction length divided by
the number of distinct items: Density =

𝐴𝑣𝑔𝐿𝑒𝑛

|𝐼 | . For each
dataset, the external utility of each item is generated in
the interval [1, 1000] ∩N with the log normal distribution,
whereas the internal utilities of the items in the transactions
are generated to be between 1 and 10 using the uniform
distribution. In this paper, we used the state of the art
d2HUP [25, 26] algorithm as the mining technique. The
performances of the proposed algorithm were evaluated
and compared with other algorithms across the datasets by
execution time and side effects. The selected algorithms
are as follows: PPUM-ILP, HHUIF, MSICF [7], MSU-
MAU, MSU-MIU [17]; we did not compare our algorithm
with PPUMGAT [9] and PPUMGAT+ [17] because these
two algorithms hide information based on insertion/dele-
tion transactions and have the different context. For better
comparison all the algorithms were implemented with the
high performance language Julia and the fastest solver for
ILP, i.e, Gurobi 9.1.2 [27] was used to solve the CSP
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TABLE IV
COMPARISON OF TIME COMPLEXITY BETWEEN PROPOSED ALGORITHM AND PPUM-ILP.

Algorithm FILP PPUM-ILP
Phase Preprocessing Establishing formula 2 Preprocessing Establishing formula 2

Time complexity 𝑂

( ( |𝐻 |
2
)𝑚)

𝑂
(
|𝑅 |𝑚×𝑡

)
𝑂

( ( |𝐻 |
2
)𝑚𝑚

)
𝑂

(
|𝑅 | |𝑆 |𝑚

𝑚+|𝑆 |𝑡𝑡 +𝑚×𝑡
)

TABLE V
S-IT TABLE.

SHUI Tidset Utility
𝐴𝐵 𝑇0𝑇1𝑇4𝑇6 316

TABLE VI
N-IT TABLE.

NSHUI Tidset Utility
𝐴 𝑇0𝑇1𝑇4𝑇6𝑇7𝑇8𝑇9 351
𝐵 𝑇0𝑇1𝑇4𝑇6 136
𝐷 𝑇0𝑇2𝑇3𝑇4𝑇5𝑇7 156
𝐴𝐶 𝑇7𝑇8𝑇9 187
𝐴𝐸 𝑇0𝑇9 125
𝐴𝐷 𝑇0𝑇4𝑇7 213
𝐵𝐷 𝑇0𝑇4 124
𝐷𝐸 𝑇0𝑇3𝑇5 134
𝐴𝐵𝐷 𝑇0𝑇4 214
𝐴𝐵𝐷𝐸 𝑇0 127

TABLE VII
PREPROCESSED N-IT TABLE.

NSHUI Tidset Utility
𝐴 𝑇0𝑇1𝑇4𝑇6𝑇7𝑇8𝑇9 351
𝐴𝐷 𝑇0𝑇4𝑇7 213
𝐴𝐸 𝑇0𝑇9 125
𝐵𝐷 𝑇0𝑇4 124
𝐴𝐵𝐷𝐸 𝑇0 127

TABLE VIII
THE SANITIZED DATABASE 𝐷′.

tid A B C D E
0 3 5 0 4 5
1 1 1 0 0 0
2 0 0 4 6 0
3 0 0 6 4 3
4 1 1 0 6 0
5 0 0 0 3 9
6 1 1 0 0 0
7 5 0 2 3 0
8 8 0 6 0 0
9 6 0 8 0 6

(for our algorithm and PPUM-ILP). The time limit for all
algorithm is set to 1200 seconds. The sensitive itemsets
are randomly sampled from the set of high-utility itemsets
𝐻 based on a sensitive information percentage. Execu-
tion time of an algorithm is the average of five running
times. The experiments to analyze execution time were
conducted under two contexts: increasing the minimum
utility threshold and increasing the sensitive information
percentage (SIP). Because the utility generation process is

TABLE IX
HIT TABLE FOR 𝐷′.

HUI Tidset Utility
𝐴 𝑇0𝑇1𝑇4𝑇6𝑇7𝑇8𝑇9 225
𝐷 𝑇0𝑇2𝑇3𝑇4𝑇5𝑇7 156
𝐴𝐶 𝑇7𝑇8𝑇9 187
𝐴𝐷 𝑇0𝑇4𝑇7 159
𝐴𝐸 𝑇0𝑇9 125
𝐷𝐸 𝑇0𝑇3𝑇5 134
𝐴𝐵𝐷 𝑇0𝑇4 134

TABLE X
THE CHARACTERISTICS OF THE DATASETS.

Dataset 𝑁 𝑀 Density(%)
Mushrooms 8124 119 19.3
Foodmart 4141 1559 0.25
T20I6D100K 99922 929 2.22

more complicated than [12], we can see the weakness of
the PPUM based ILP approach. In mushrooms datasets,
the minimum utility threshold and the sensitive information
percentage were set respectively to 10% and 9%. All the
ILP based algorithms can not finish under the time limit
(included the proposed algorithm). Because mushrooms is a
dense dataset, their itemsets share many similar items. That
causes many conflict constraints in CSP and moreover the
CSP is harder to check whether it is feasible or not. In
order to find a solution these algorithms need to iteratively
remove a constraint and presolve the CSP, which makes
their runtimes exceed the time limit.

2. Foodmart

The PPUM-ILP algorithm can only execute successfully
in foodmart dataset. In the large and sparse T20I6D100K
dataset, it failed to finish under the time limit because
the computational cost for preprocessing and establishing
constraints. The comparison with PPUM-ILP will be con-
ducted separately in foodmart. Foodmart is a small and
sparse datasets so that all PPUM algorithms can finish
successfully the hiding. Although the length of high-utility
itemsets in foodmart is small, we still gain performance
advantages with the proposed IT table structure. As we can
see in Figure 4 and Figure 5, all the time the proposed
algorithm has lower execution time than PPUM-ILP. It
also can be seen that, when the minimum utility threshold
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Figure 4. Execution times of algorithms in foodmart dataset under various
SIP.

Figure 5. Execution times of algorithms in foodmart dataset under
different minimum utility thresholds.

increases, the execution time decreases since the size of 𝑆

become smaller. Table XI show the ability of algorithms
to minimize negative effects in foodmart dataset. Since all
the algorithms are able to hide all sensitive itemsets, we
only compare the other two side effects. From table XI,
we observed that even with the more general problem
formulation the obtained solutions are not better. The reason
behind this is the lack of accurate when finding a relaxation
by iteratively removing constraints. As described in [12],
the removed constraint of each iteration corresponds to the
itemsets which has the longest length and lowest utility. But
there is no mathematical proof for that constraint should be
the most conflict in the CSP.

3. T20I6D100K

The execution times of algorithms in T20I6D100K is
shown in Figure 6 and 7. Observing the results we see that
in most cases, algorithm execution time increases as the
sensitive information percentage (SIP) increases. This result

TABLE XI
SIDE EFFECTS OF ALGORITHMS IN FOODMART.

SIP 2 4
Side effects MC AC MC AC

HHUIF 79.7% 0.0% 82.4% 0.0%
MSICF 74.5% 0.0% 81.8% 0.0%

MSU-MAU 79.7% 0.0% 82.3% 0.0%
MSU-MIU 76.3% 0.0% 80.7% 0.0%
PPUM-ILP 81.7% 2.6% 84.4% 7.1%

FILP 81.7% 2.6% 84.4% 2.8%

TABLE XII
SIDE EFFECTS OF ALGORITHMS IN T20I6D100K.

SIP 2 8
Side effects MC AC MC AC

HHUIF 8% 0% 26.1% 0%
MSICF 8% 0% 24.2% 0%

MSU-MAU 8% 0% 26.1% 0%
MSU-MIU 4.3% 0% 20.3% 0%

FILP 0% 0.6% 8.5% 168%

is reasonable since as we increase the sensitive informa-
tion percentage while maintaining a fixed minimum utility
threshold, the number of sensitive high-utility itemsets in-
creases. As a consequence, the CSP becomes harder to solve
for PPUM based ILP approaches and the hiding iterations of
heuristic algorithms increases. However, T20I6D100K is a
sparse dataset, time for solving CSP problem is not changed
much. Additionally, in worst cases, to hide a sensitive
itemset, heuristic algorithms need to perform database scan
for every item belong to the itemset. Too many database
scans will slow down the hiding process and increase the
running time. In some cases, when increases the minimum
utility thresholds, the runtimes of algorithms increase. This
is because the higher the minimum utility thresholds, the
more frequent the itemsets appear in database and the more
database scans for heuristic algorithms.

The side effects of algorithms in T20I6D100K are shown
in Table XII. The FILP algorithm achieves better results for
retaining non-sensitive information but in some cases it can
introduce too much redundant information. Beyond that the
proposed algorithm always runs faster than PPUM-ILP.

VII. CONCLUSION AND DISCUSSION

Data mining can reveal implicit sensitive pattern and pri-
vate information in a database. Privacy concerns about data
mining are becoming more and more serious. Protecting
privacy in data mining, especially for utility mining is a
critical problem. However, hiding sensitive patterns while
retaining non-sensitive information is a NP-hard problem.
In this paper, we introduced a faster PPUM method based
on ILP approach with the utilization of hash structures.
The conducted experiments have shown the efficiency of
proposed algorithm. Besides, we still have some problems
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Figure 6. Execution times of algorithms in T20I6D100K dataset under
various SIP.

Figure 7. Execution times of algorithms in T20I6D100K dataset under
different minimum utility thresholds.

with the ILP based approach. The CSP of hiding process
does not have specific constraints to limit artificial cost. The
time for solving the CSP is too high, so we need a better
way to find a feasible solution. In addition, the preprocess-
ing can be run asynchronously using parallel programming
methods. This research is funded by University of Science,
VNU-HCM under grant number CNTT 2021-05.
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Abstract: With the great success of artificial intelligence in
recent years, graph learning is gaining attention from both
academia and industry [1, 2]. The power of graph data is its ca-
pacity to represent numerous complicated structures in a broad
spectrum of application domains including protein networks,
social networks, food webs, molecular structures, knowledge
graphs, sentence dependency trees, and scene graphs of images.
However, designing an effective graph learning architecture on
arbitrary graphs is still an on-going research topic because of
two challenges of learning complex topological structures of
graphs and their nature of isomorphism. In this work, we aim
to summarize and discuss the latest methods in graph learning,
with special attention to two aspects of structure learning and
permutation invariance learning. The survey starts by review-
ing basic concepts on graph theory and graph signal processing.
Next, we provide systematic categorization of graph learning
methods to address two aspects above respectively. Finally,
we conclude our paper with discussions and open issues in
research and practice.

Keywords: graph learning, graph structure learning, graph
isomorphism, permutation invariance, graph neural networks.

I. INTRODUCTION

Graphs are powerful data structures which can be con-
sidered as a general language for describing and modeling
complex systems [3] in practice. Unlike many other struc-
tures such as images, texts and audios, which only represent
the information of entities, graphs are able to capture both
entities and their interactions via nodes and edges of graphs.
Social networks are typical examples of graphs whose nodes
are users and edges show the existence of the relationships
between two users. As a consequence of their power, graphs
not only play an important role in computer science but
also are ubiquitous in related fields (e.g., physics, biology,
chemistry) with a wide range of applications: classifying
proteins in biological interaction networks, predicting the

influence of an individual in social networks and discovering
new drug molecules.

Basically, a graph consists of two information types: a
feature matrix, denoted by 𝑿, encoding entities and their
properties; and a structural matrix A (such as adjacency
matrix 𝑨, Laplacian matrix 𝑳 and its variants), describing
the relationship between entities. Between such two types,
the structural information is more crucial since object-object
interaction representation is a special characteristic of graph
data and different graphs are distinguishable via their topo-
logical configurations. As a result, learning graph structure
becomes a central problem in graph learning. However,
converting complicated raw structure information of graphs
into compact fixed-size vectors in a continuous embedding
space is non-trivial because of two challenges: 1) graph
sizes vary dramatically in practice from several units and
interactions in molecular networks to millions of objects and
connections in social networks, hindering the invention of
effective algorithms to extract compact representations but
not losing important information; and 2) graph isomorphism,
where two graphs look different but are actually the same
(Fig 1), causing the requirement of permutation invariance in
designing graph learning frameworks. The success of han-
dling these challenges is the key to proceed graph learning
field.

To tackle these challenges, tremendous approaches have
been proposed in graph learning, ranging from graph kernel
methods to graph neural networks. In this survey, we
provide an overview of recent advanced learning techniques
on graphs in a comprehensive manner. Our focus is effective
methods that can either learn graph structures or deal with
graph isomorphism.

There exists several previous comprehensive reviews re-
lated to our survey. [5] and [6] provide a thorough overview
of geometric deep learning, a broader area, which attempts
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Figure 1. Two identical graphs with different looking structures (adopted
from [4]).

to extend machine learning techniques for non-Euclidean
data including graphs and manifolds. The early work en-
coding the relationships of nodes as embedding vectors in
continuous space refers to node/graph embedding methods
with detailed summary in [7, 8]. For graph learning, some
notable surveys are [1, 9]. Mital Kinderkhedia [9] reviews
over existing graph learning methods and presents them into
kernel methods and graph neural networks. Meanwhile,
Feng Xia et al. [1] systematically categorize the field
into four approaches of graph signal processing, matrix
factorization, random walks and graph neural networks.
With the success of deep learning in images, there have
been many methods employing deep learning techniques on
graphs (aka graph neural networks) in recent years and the
most up-to-date surveys [2, 10–12] mainly focus on this
subfield of graph learning. Zhou Jie et al. [10] introduce
the design pipeline of graph neural networks and provide
a review on different implementations for each module in
the pipeline. [2] and [11] are based on network architec-
tures to divide graph neural network methods into groups
of graph recurrent neural networks, graph convolution net-
works, graph autoencoders, graph reinforcement learning
and graph adversarial networks. There have also been
several surveys paying attention to other subfields or specific
topics of graph learning such as kernel methods [13, 14] or
constructing a unified framework for graph convolutional
networks [12]. Although, many reviews on graph learning
have been emerged, they mainly provide technical views
with taxonomies of algorithm designs and training strategies
rather than focusing on the problem-driven aspect as our
work, i.e., solving two key problems of learning the topology
and isomorphism properties of graphs. To the best of our
knowledge, there is little effort to systematically summarize
the field in these directions. One survey closely related our
work is [15] but it only examines a limited number of works
and the paper is equivalent to our Subsecs. III.2 and III.3.

In this paper, we introduce a different overview of recent
advancements towards solving essential problems in graph
learning. To summarize, our contributions are as follows:

• We introduce two new taxonomies of graph learn-
ing, corresponding to graph structure and permutation
invariance learning. For the graph structure learn-
ing, existing methods are categorized into six main
approaches of graph coloring-based methods, matrix
factorization, node embedding, aggregation operators
and motif-based methods while, to solve the latter of
graph isomorphism, recent works are focusing on four
directions of aggregation function, ordering, histogram
and permutation sampling.

• Comprehensive survey: we provide a detailed review
on numerous methods in the literature with descriptions
and discussions on their advantages and disadvantages.

• Finally, we discuss on the limitations of existing meth-
ods and propose open problems for future research.

The rest of the paper is structured as follows. Sec. II
presents notations, basic definitions and concepts in graph
learning research, brief introduction of graph signal pro-
cessing, which is the backbone of spectral graph learning
methods, and Weisfeiler-Lehman test, a baseline for graph
isomorphism test. We start to introduce graph structure
learning and its taxonomy in Sec. III. Sec. IV outlines the
approach in graph isomorphism learning and systematically
summarizes different existing methods. Finally, we con-
clude the survey with a discussion on open challenges and
potential future directions in graph learning in Sec. V and
VI.

II. BACKGROUND

1. Notations

In this paper, we use bold uppercase characters to denote
matrices and bold lowercase ones for vectors. For an arbi-
trary matrix 𝑴, we use the notations of 𝑴 (𝑖, 𝑗), 𝑴 (𝑖, .·)
and 𝑴 (·, 𝑗) to present a matrix element, the 𝑖th row and the
𝑗 th column of 𝑴 respectively. Table I lists our commonly
used notations. Unless particularly specified, all notations
are following this table. Table I also shows the abbreviations
of methods mentioned in the next sections.

2. Graph

An undirected graph 𝐺 = (𝑉, 𝐸) of 𝑁𝑣 vertices/n-
odes and 𝑁𝑒 edges/links consists of two sets: a set of
vertices 𝑉 = {𝑖 |1 ≤ 𝑖 ≤ 𝑁𝑣} and a set of edges 𝐸 ={
𝑒𝑖, 𝑗 = (𝑖, 𝑗) |1 ≤ 𝑖, 𝑗 ≤ 𝑁𝑣

}
[11]. Each vertex is associated

with a 𝑁𝑑-dimensional feature vector 𝒙𝑖 ∈ R1×𝑁𝑑 and
all vertices form a feature matrix 𝑿 =

[
𝒙1, 𝒙2, .., 𝒙𝑁𝑣

]T.
Basically, a graph 𝐺 can be described by two components: a
feature matrix 𝑿 and a graph structure matrix A. Between
them, graph structure is most important but difficult to
obtain an effective representation form. In the following, we
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Notations Descriptions Abbreviations Descriptions
𝐺 Graph 1-WL 1-dimensional Weisfeiler-Lehman
𝑉 The set of nodes CNN Convolutional Neural Network
𝐸 The set of edges LSTM Long-Sort Term Memory
𝑨 Adjacency matrix MLP Multi-layer Perceptron
𝑫 Degree matrix GAE Graph Auto-encoder
𝑳 Laplacian matrix GAT Graph Attention Network
𝑳̃ Normalized Laplacian matrix GCN Graph Convolutional Network
𝑯 Hidden layer GNN Graph Neural Network
𝑁𝑣 The number of nodes GraphSAGE Graph SAmple and aggreGatE
𝑁𝑒 The number of edges NMF Non-negative Matrix Factorization
𝑁𝑙 The number of network layers RNN Recurrent Neural Network
𝑿 Feature matrix
A Structural matrix
N (·) Neighborhood of a node
𝒔 Graph signal vector
𝑷 Permutation matrix
R≥0 Non-negative real numbers
∥· ∥𝐹 Frobenius norm
≃ Isomorphism

Table I
NOTATIONS AND ABBREVIATIONS

summarize some typical structural matrices for undirected
graphs in literature.

• Adjacency matrix: An adjacency matrix 𝑨 ∈ R𝑁𝑣×𝑁𝑣

of an undirected graph is a symmetric matrix whose
element at the 𝑖th row and 𝑗 th column, denoted 𝑨 (𝑖, 𝑗),
is equal to 1 if there exists an edge between two vertices
𝑖 and 𝑗 , otherwise 𝑨 (𝑖, 𝑗) = 0.

𝑨 (𝑖, 𝑗) =
{

1 if (𝑖, 𝑗) ∈𝐸
0 otherwise

• Degree matrix: A degree matrix 𝑫 =

diag
(
𝑑1, 𝑑2, .., 𝑑𝑁𝑣

)
∈ R

𝑁𝑣×𝑁𝑣 is a diagonal
matrix whose the 𝑖th element on the diagonal
𝑑𝑖 = |{ 𝑗 | (𝑖, 𝑗) ∈ 𝐸}| is the degree at the vertex 𝑖

or the number of edges containing that vertex.

𝑫 (𝑖, 𝑗) =
{
𝑑𝑖 if 𝑖 = 𝑗

0 if 𝑖 ≠ 𝑗

• Laplacian matrix: This matrix is defined as 𝑳 = 𝑫 −
𝑨. It is symmetric and diagonal and its elements are
from degree matrix whilst off-diagonal elements are −1
if connected.

𝑳 (𝑖, 𝑗) =


−1 if (𝑖, 𝑗) ∈ 𝐸
𝑑𝑖 if 𝑖 = 𝑗

0 otherwise

• Normalized Laplacian matrix: The matrix 𝑳 can be
normalized into [−1, 1] by dividing its elements by
corresponding geometric mean as:

𝑳̃ (𝑖, 𝑗) =


−1/

√︁
𝑑𝑖𝑑 𝑗 if (𝑖, 𝑗) ∈ 𝐸 vÃ 𝑖 ≠ 𝑗

1 if 𝑖 = 𝑗

0 otherwise

or rewrite it in a matrix multiplication form:

𝑳̃ = 𝑫−1/2𝑳𝑫−1/2

= 𝑫−1/2 (𝑫 − 𝑨) 𝑫−1/2 = I − 𝑫−1/2𝑨𝑫−1/2

• Positive point-wise mutual information (PPMI)
PPMI is a probabilistic co-occurrence matrix, AP ∈
R𝑁𝑣×𝑁𝑣 originated from information theory. In graph
learning, PPMI is applied to encode the semantic infor-
mation of entire graphs [16–18] and it is estimated via
two steps: 1) compute the frequency of co-occurrence
of nodes over graphs and store these values in a fre-
quency matrix 𝑭, e.g., an entry 𝑭 (𝑖, 𝑗) counts the
number of random walks between two nodes 𝑖 and 𝑗

within a predefined window [16]; and then 2) estimate
the probability AP (𝑖, 𝑗) that the node 𝑖 occurs within a
window around the node 𝑗 :

AP (𝑖, 𝑗) = max
©­­«log

©­­«
𝑭 (𝑖, 𝑗)

(∑𝑖 𝑭 (𝑖, 𝑗))
(∑

𝑗 𝑭 (𝑖, 𝑗)
) ª®®¬ , 0

ª®®¬
In addition to describe the graph structural information
(vertices and their connections), the aforementioned
matrices (except for PPMI matrix) can be used as graph
operators. For example, multiplying an adjacency ma-
trix 𝑨 by a graph signal vector 𝒔 =

[
𝑠1, 𝑠2, .., 𝑠𝑁𝑣

]
∈

R1×𝑁𝑣 , where 𝑠𝑖 is an observed signal/feature at the
𝑖th vertex, results in a new signal 𝑨𝒔 ∈ R1×𝑁𝑣 whose
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entry is the sum of all signals of vertices 𝑗 connecting
to 𝑖. Meanwhile, 𝑫𝒔 ∈ R1×𝑁𝑣 is multiplying 𝑠𝑖 by the
corresponding degree value 𝑑𝑖 at 𝑖 and 𝑳𝒔 ∈ R1×𝑁𝑣 (or
normalized version 𝑳̃𝒔 ∈ R1×𝑁𝑣 ) expresses the sum of
difference between signal at 𝑖 and its neighbor’s signals.

3. Graph signal processing

From the perspective of graph signal processing, 𝑨, 𝑫,𝑳
and 𝑳̃ are considered as graph representations in spatial
domain. Another way of graph analysis is to convert
them into frequency domain via graph Fourier transforms.
The transformed graph signals show some interesting and
meaningful information, e.g., connection strength between
connected components, which is not obviously exposed in
spatial domain, and therefore, graph signal processing is a
powerful tool to learn the representation of graphs. This part
provides the basic concepts in graph signal processing as an
underlying theory for the approach of spectral graph learning
methods.

Spectral graph analysis: Given a graph 𝐺 and its normal-
ized Laplacian matrix 𝑳̃, spectral graph analysis [19] finds
the spectral characteristics of 𝐺 by eigen-decomposing 𝑳̃

into eigen-values, described by a diagonal matrix 𝚲, and a
matrix 𝑼 of eigen-vectors. These matrices own some im-
portant properties and therefore are considered as indicators
of graph topology, for example, the number of zero eigen-
values is equal to the number of connected components of
𝐺.

Graph Fourier transform: Fourier transform implies to an-
alyze an input signal/voice/image/graph as a combination of
basic components, e.g., wavelet, graphlet. Similarly, Fourier
transform on graph converts a signal vector 𝒔 into spectral
domain encoded by eigen-vectors 𝑼 of 𝑳̃. Particularly, if
𝑳̃ = 𝑼𝚲𝑼T then Fourier transform of 𝒔 is 𝒔̃ = F (𝒔) = 𝑼T𝒔,
where 𝒔̃ is the spectral representation of the input signal 𝒔.
The inverse graph Fourier transform projecting 𝒔̃ back to the
input space is given as: ˜̃𝒔 = F −1 ( 𝒔̃) = 𝑼𝒔̃ = 𝒔.

Graph convolution: A convolution between a signal vector
𝒔 and a filter 𝒈 ∈ R𝑁𝑣 is defined as:

𝒔∗𝒈 = F −1 (F (𝒔) ⊙ F (𝒈))
= 𝑼

(
𝑼T𝒔 ⊙ 𝑼T𝒈

)
= 𝑼

(
𝑼T𝒈 ⊙ 𝑼T𝒔

)
where ∗ is convolution operator and ⊙ is Hadamard prod-
uct. Let 𝒈𝜃 be diag

(
𝑼T𝒈

)
, resulting in 𝑼T𝒈 ⊙ 𝑼T𝒔 =

diag
(
𝑼T𝒈

)
⊙ 𝑼T𝒔 and the convolution can be simplified

as 𝒔∗𝒈𝜃 = 𝑼𝒈𝜃𝑼
T𝒔. Basically, spectral graph learning

methods can be distinguished based on different filters 𝒈𝜃 .

Figure 2. An example of two isomorphic graphs. The corresponding
vertices share the same color (adopted from [21]).

4. Graph isomorphism

Two graphs 𝐺 = (𝑉, 𝐸) and 𝐺 ′ = (𝑉 ′, 𝐸 ′) are isomorphic
𝐺≃𝐺 ′ if and only if there exists a bijection preserving the
adjacency relationship of vertices. Formally, a mapping 𝑓 :
𝑉 → 𝑉 ′ satisfies ∀ (𝑢, 𝑣) ∈ 𝐸 if and only if ( 𝑓 (𝑢) , 𝑓 (𝑣)) ∈
𝐸 ′. The mapping 𝑓 is called isomorphism. If 𝐺 and 𝐺 ′are
identical then 𝑓 : 𝑉 → 𝑉 are a bijection from𝑉 to𝑉 and 𝑓 is
an automorphism. Fig. 2 illustrates two isomorphic graphs.
Verifying whether two graphs are isomorphic is still an open
problem in computer science. The recent results show that
this is NP but has not been known to be NP-complete or be
solved in polynomial time [20].

One of the most widely-used and effective algorithm to
test isomorphism in polynomial time is Weisfeiler-Lehman
test. Its most well-known is the 1-dimensional version
(1-WL) [22]. Suppose that𝐺 and𝐺 ′ are two graphs with the
size of 𝑁𝑣 , 1-WL algorithm employs an iterative procedure
(up to 𝑁𝑣 iterations). For each iteration, 1-WL goes through
all vertices of two graphs and reassigns their labels/refines
their colors based on their current labels/colors and ones of
their neighbors.

Let 𝑐𝑖, 𝑗 be the color of the 𝑗 th vertex of 𝐺 at the 𝑖th

iteration andN𝐺 ( 𝑗) is the neighborhood of the node 𝑗 of 𝐺.
Colors of vertices can be sortable integers. Two nodes with
the same/different color value indicate the same/different
local structures. We use a multi-set 𝑆𝑖, 𝑗 to describe colors
of that node and its neighbors at the 𝑖th iteration. A multi-set
is an extension of set but accepts replicated elements. 1-WL
algorithm is summarized in Alg. 1.

1) Set color value to be 1 for all vertices of 𝐺 and 𝐺 ′

(lines 1-3).
2) For each iteration, enumerate all vertices of two

graphs and update their colors (line 5).

a) At each node 𝑗 , gather all node’s colors in its
neighborhood, form a multi-set 𝑆𝑖, 𝑗 and sort
them in ascending order (lines 6-7).

b) Concatenate the color of the node 𝑗 and 𝑆𝑖, 𝑗 to
produce a tuple

(
𝑗 , 𝑆𝑖, 𝑗

)
and label this tuple with
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Algorithm 1: 1-WL
1 Inputs: 𝐺 = {𝑉, 𝐸} , 𝐺 ′ = {𝑉 ′, 𝐸 ′} , |𝑉 | = |𝑉 ′ | , 𝑁WL
2 Outputs: True/False
3 begin
4 for 𝑚 ← 1, . . . , 𝑁𝑣 do
5 𝑐0,𝑖 ← 1;
6 𝑐′0,𝑖 ← 1;
7 end
8 for 𝑖 ← 1, . . . , 𝑁WL do
9 for 𝑗 ← 1, . . . , 𝑁𝑣 do

10 𝑆𝑖, 𝑗 ← sort
({
𝑐𝑖−1,𝑢 |𝑢 ∈ N𝐺 ( 𝑗)

})
;

11 𝑆′
𝑖, 𝑗
← sort

({
𝑐′
𝑖−1,𝑢 |𝑢 ∈ N𝐺′ ( 𝑗)

})
;

12 𝑐𝑖, 𝑗 ← hash
(
𝑐𝑖−1, 𝑗 , 𝑆𝑖, 𝑗

)
;

13 𝑐′
𝑖, 𝑗
← hash

(
𝑐′
𝑖−1, 𝑗 , 𝑆

′
𝑖, 𝑗

)
;

14 end
15 end
16 if partitions of 𝐺 and 𝐺 ′ are the same over iterations

then
17 return True;
18 else
19 return False;
20 end
21 end

Figure 3. Non-isomorphic graphs with the same 1-WL test result (adopted
from [21]).

a new color 𝑐𝑖, 𝑗 so that two nodes with the same
tuple have the same color value (lines 8-9).

3) At the 𝑖th iteration, if the algorithm divides two graphs
𝐺 and 𝐺 ′ into different partitions then two graphs
are non-isomorphic and we can stop the algorithm.
Otherwise, if all 𝑁𝑣 iterations are passed and the
partitions of two graphs are consistent over iterations,
two graphs have high probability to be isomorphic
(lines 10-13).

Basically, 1-WL produces two different colors for two
graphs, they are certainly non-isomorphic. In the case of
the same coloring results, we are unable to conclude there
is an isomorphism between two graphs because there still
exists some non-isomorphic graphs with the same 1-WL
test, e.g., Fig. 3. However, WL is still powerful enough to
distinguish almost all pairs of non-isomorphic graphs [23].
Fig. 4 demonstrates typical steps of 1-WL. The algorithm
ends at the 3rd iterations because of no changes in colors of
two graphs. The complexity of 1-WL is O (𝑁WL𝑁𝑣), which
is proportional to graph size and the number of iterations.

1-WL is a crucial algorithm in graph learning. It not
only deals with the problem of testing the isomorphism of

two graphs but also has been a fundamental framework to
develop most models invariant to isomorphism recently.

III. GRAPH STRUCTURE LEARNING

Learning graph topology is a core topic in graph learning,
whose goal is to encode entire graph structures or nodes’
𝑘-hop connections into a compact vector, which can be
processed efficiently and effectively by machine learning
algorithms in downstream tasks. Studies on graph structure
learning are fairly diverse and their distinction lies in which
part of structural information is captured and how to extract
it. Overall, graph structure learning can be divided into six
approaches of graph coloring, matrix factorization, node em-
bedding, structure encoding as aggregation operator, spectral
domain-based methods and motif-based methods.

1. Graph coloring based methods

Graph coloring or graph labeling is a function from a
vertex set 𝑉 to an ordered set (e.g., integers, real numbers,
strings) and assigns a value, named color, of this target set
to each node. Two nodes with similar local structures (based
on predefined criteria) share the same color and vice versa,
nodes with different neighborhood topologies are labeled
with different colors. As a result, a color value becomes a
compact embedding code describing a node’s local structure.

PATCHY-SAN [24] introduces a method to extract local
regions. First, based on the result of graph coloring (e.g.,
Weisfeiler-Lehman test [22]), the method produces a sorted
list of nodes using their colors and then traverses through
this list with a given stride to obtain a node sequence. Next,
a breadth-first search procedure is performed to gather the
neighbors of each node 𝑣 with the increasing distance from 𝑣

until reaching the expected number of 𝐾 neighboring nodes.
The graph is normalized using an extension of coloring
algorithms for similar graphs, which is learned to find an
optimal labeling from a collection of graphs.

[25] extracts tensorial representations of graphs using a
coloring procedure twice across two dimensions. The first
coloring process is performed to select a sequence of 𝑁sel

nodes, similar to [24]. Then, for each node, 𝐾 closest neigh-
bors are gathered and sorted based on the colors provided by
another coloring procedure. Finally, we obtain a final tensor
of shape 𝑁sel×𝐾 ×𝑁𝑑 , where 𝑁𝑑 is the length of categorical
one-hot vectors of nodes.

Graph coloring-based methods allow to represent com-
plex topology of graphs into simple color codes, which
are convenient for both processing and storage but still
distinguishable. Moreover, the codes are designed to be
orderable, rendering no requirement to explicitly store in
representations, e.g., codes can be implied as tensor indices
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Figure 4. 1-WL procedure (adopted from [21]).

in [24, 25]. Since this structure encoding approach is
completely based on graph coloring algorithms, its repre-
sentation power mainly depends on the accuracy and speed
of the chosen algorithms.

2. Structural matrix factorization

The topology of graphs is initially described in struc-
tural matrices such as adjacency matrix or Laplacian ma-
trix. However, such matrices usually only provide basic
information, i.e., two vertices are connected or not. For
specific applications, matrix factorization can be employed
to discover hidden factors by factorizing these matrices into
the product of compact matrices. Resulting elementary
matrices are problem-driven and help more to improve the
performance of systems than the original structural matrices.

GNMTF (Graph regularized non-negative matrix tri-
factorization) [26] uses non-negative matrix factorization
to extract the intrinsic geometric information of networks
for overlapping community detection. Particularly, given
the adjacency matrix 𝑨 of a graph, GNMTF aims to tri-
factorize 𝑨 ≈ 𝑴𝚲𝑴T, where 𝑴 (𝑖, 𝑗) indicates the strength
of the 𝑖th node belonging to the 𝑗 th community, while the
matrix 𝚲 represents the relationship among communities.
To find 𝑴 and 𝚲, GNMTF minimizes the square loss

function:


𝑨 − 𝑴𝚲𝑴T



2
𝐹

or generalized KL-divergence∑ [
𝑨 (𝑖, 𝑗) log 𝑨(𝑖, 𝑗)

(𝑴𝚲𝑴T) (𝑖, 𝑗) − 𝑨 (𝑖, 𝑗) +
(
𝑴𝚲𝑴T

)
(𝑖, 𝑗)

]
.

ESNMF (Ego-Splitting networks using symmetric Non-
negative Matrix Factorization) [27] follows the similar idea
of optimization-based factorization for overlapping commu-
nity detection. Instead of factorizing the adjacency matrix
of the large-scale graph, ESNMF partitions it into connected
subgraphs via an ego-splitting process and incorporates prior
information to obtain a subgraph matrix 𝑨̂sub. The fac-
torization is done on this matrix:



𝑨̂sub − 𝑴𝑴T


2
𝐹

, where
𝑴 (𝑖, 𝑗) indicates the 𝑖th node belongs to the 𝑗 th community,
𝑴 (𝑖, 𝑗) = 1, or not 𝑴 (𝑖, 𝑗) = 0.

Gaia Ceddia et al. [28] extend Non-negative Matrix Tri-
Factorization to predict the interactions between drugs and
proteins. An input network contains multiple types of drugs
and proteins, which can be encoded as an association matrix
𝑅 ∈ R |𝑉1 |× |𝑉2 |

≥0 between two sets of nodes 𝑉1 and 𝑉2, whose
element 𝑅 (𝑣1, 𝑣2) > 0 if 𝑣1 ∈ 𝑉1 and 𝑣2 ∈ 𝑉2 are
connected; and 𝑅 (𝑣1, 𝑣2) = 0 otherwise. In [28], after intro-
ducing an enhanced association matrix 𝑅′ ∈ [0, 1] |𝑉1 |× |𝑉2 | ,
where 𝑅′ (𝑣1, 𝑣2) is related to the shortest path between
𝑣1 and 𝑣2, the authors propose to convert 𝑅′ into three
non-negative factors by minimizing the following Frobenius
norm:



𝑅′ − 𝑀1𝑄𝑀
T
2


2
𝐹

using an iterative update procedure.
The approximate matrix 𝑅′ = 𝑀1𝑄𝑀

T
2 is used to infer novel
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associations (i.e., drug-protein-disease interactions) between
elements in 𝑉1 and 𝑉2.

Non-negative Matrix Factorization is also adopted to learn
clusterable representations of nodes in a semi-supervised
manner. In the proposed Unified Semi-Supervised NMF
framework (USS-NMF) [29], node representations 𝑴 are
learned by jointly factorizing Point-wise Mutual Information
matrix, label matrix, inferred cluster assignment matrix. The
factorization allows connected nodes to have similar repre-
sentations, rendering the capacity of local invariance node
encoding. These learned representations can be used as input
for any traditional classifiers such as Logistic Regression.

The above NMF-based community detection is shallow
methods, which directly map from input space to community
membership space. Deep Autoencoder-like Non-negative
Matrix Factorization (DANMF) [30] develops a hierarchi-
cal mapping to capture the complex and diverse structures
of real-world graphs. Formally, the adjacency matrix is
approximated by 𝑨 ≈ 𝑴1𝑴2...𝑴𝑁𝑙𝑸, wherein, 𝑴𝑙 and
𝑸 are non-negative matrices. Each column of 𝑸 reveals
the possibility that a node is a member of a community
whilst the series of 𝑴𝑙 is mapping functions between the
input space and the community membership space. To
model this hierarchical factorization, DANMF trains a Deep
Autoencoder with parameter matrices 𝑴𝒍 and 𝑸 to minimize
the difference between the original structural matrix 𝑨 and
its approximation. DANMF inherits both the intrinsic repre-
sentation learning of deep models and the power of NMF
for community detection and hence it outperforms many
shallow NMF-based methods.

Node feature representations can be extracted with
low rank matrix factorization. Text-Associated Deep-
Walk (TADW) proposes a way to incorporate text in-
formation, encoded in matrix 𝑿 text, into a factorization
framework. Let 𝑻 be a transition matrix in PageRank,
TADW attempts to approximate

(
𝑻 + 𝑻2) /2 ≈ 𝑴T

1𝑸𝑿 text

, wherein 𝑴1 and 𝑸 are low-rank matrices. Similar
to [26, 27, 29], the approximation is casted to mini-
mization problem min𝑴1 ,𝑸



(𝑻 + 𝑻2) /2 − 𝑴T
1𝑸𝑿 text



2
𝐹
+

𝛼

(
∥𝑴1∥2𝐹 + ∥𝑸∥2𝐹

)
, which can be solved by alternatively

updating 𝑴1 and 𝑸. Finally, 𝑴1 and 𝑸𝑿 text are treated as
the low-dimensional representations of nodes.

Designed for scalability, NetSMF (large-scale network
embedding as sparse matrix factorization) [31] extracts the
sparse version 𝑳̂ of Laplacian matrix 𝑳 and constructs a
NetMF matrix sparsifier with the controllable number of
non-zero elements. By applying randomized SVD, which
is working efficiently on sparse matrices, the authors obtain
three matrix factors 𝑼,Λ and 𝑽 from the matrix sparsifier,
and use the 𝑼𝚲−1/2 as network embeddings.

In the scenario of defending adversarial attacks, adjacency

matrices are perturbed and GNNs can easily be fooled to
make wrong predictions. Pro-GNN [32] attempts to learn a
clean adjacency matrix 𝑺 from the given perturbed matrix 𝑨.
The idea is to find a low-rank and sparse matrix close to 𝑨 by
minimizing the loss min𝑆 ∥𝑨 − 𝑺∥2𝐹+𝛼 ∥𝑺∥1+𝛽 ∥𝑺∥∗, where
∥·∥1and ∥·∥∗ are 𝐿1 and nuclear norm respectively to force
𝑺 to be a sparse and low rank matrix. Learning 𝑺 is done
simultaneously with training GNN parameters to improve
node classification task. Similarly, LDS (Learning Discrete
Structures) [33] is based on an optimization framework to it-
eratively learn the parameters 𝜽 of a graph generative model,
which can draw edges from Bernoulli random variables
𝑨 = Ber (𝜽), and find the optimal parameters of a GCN
given generated graphs.

For graph structure learning, matrix factorization ap-
proach enables to disentangle hidden factors, which are usu-
ally not clearly observed in original structural matrices, and
therefore training machine learning methods on extracted
meaningful factors yields more benefits. The main drawback
of factorization-based structure learning is that it requires
much expert knowledge to choose proper factorization meth-
ods for target applications, limiting the applicability of this
approach. In addition, matrix factorization is also an expen-
sive operation and infeasible to work on large graphs such as
social networks or collaboration networks.

3. Node embedding

Node embedding is a group of techniques to encode nodes
into low-dimensional vectors, preserving local neighbor-
hood of nodes. More specifically, the geometric distance of
two embeddings in a latent space reflects their relationship
in original networks. According to [34], node embedding
methods share the same 2-stage framework of encoding and
decoding. An encoder is a function 𝑓 enc mapping from
a node 𝑣 ∈ 𝑉 to an embedding vector 𝒛 ∈ R𝑑 in a 𝑑-
dimensional latent space: 𝒛 = 𝑓 enc (𝑣). Meanwhile, a
decoder 𝑓 dec is a mapping from the latent space to the
input space, which predicts the relationship of a pair of
nodes: 𝑟 = 𝑓 dec (𝒛𝑣 , 𝒛𝑢) . Given a structural matrix A,
node embedding methods attempt to optimize the following
loss: L =

∑
𝑢,𝑣∈𝑉 𝑓 dis (

𝑓 dec (𝒛𝑢, 𝒛𝑣) ,A (𝑢, 𝑣)
)
. Existing

embedding methods can be distinguished via their choice of
the encoder 𝑓 enc, the decoder 𝑓 dec and the distance function
𝑓 dis.

High-Order Proximity preserved Embedding (HOPE)
[35] defines the decoding function as inner product
𝑓 dec (𝒛𝑢, 𝒛𝑣) = 𝒛T

𝑢 𝒛𝑣 to capture high-order proximity
and the distance function as Euclidean distance L =∑
𝑢,𝑣∈𝑉



𝒛T
𝑢 𝒛𝑣 −A (𝑢, 𝑣)



, where A is a proximity matrix,
to ensure that the embeddings of nodes correlate with their
observed connections.
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Unlike HOPE which tries to reconstruct the structural
matrix directly, probabilistic methods such as node2vec are
based on random walks to investigate graph topology and
attempt to reconstruct the probabilities of random walks.
In node2vec [36], the inner product of two latent represen-
tations is connected to the conditional probability of two
corresponding nodes via random walks 𝑝 (𝑣 | 𝑓 enc (𝑢)) =
exp(𝒛T

𝑢𝒛𝑣)∑
𝑖, 𝑗 𝒛

T
𝑖
𝒛 𝑗

. The entire node2vec framework reconstructs the
maximum probability of linked nodes from their embed-
dings as follows:

L =
∑︁
𝑢∈𝑉

log


∏
𝑣∈N(𝑢)

𝑝 (𝑣 | 𝑓 enc (𝑢))


=
∑︁
𝑢∈𝑉

− logZ𝑢 +
∑︁

𝑣∈N(𝑢)
𝒛T
𝑢 𝒛𝑣

 , (1)

wherein Z𝑢 =
∑
𝑣∈𝑉 exp

(
𝒛T
𝑢 𝒛𝑣

)
. Similarly, DeepWalk [37]

also follows the same strategy of using truncated random
walks to extract the structural information and learn the
topology via maximizing the probability of neighborhood.

LINE (Large-scale Information Network Embedding)
[38] proposes the idea of learning both the local and global
structures. Each structure type is learned via two indepen-
dent models to produce different embedding vectors 𝒛local,𝑢

and 𝒛global,𝑢. Two embeddings are concatenated to create
a final representation vector for each vertex 𝑢. The local
structure is captured by the first-order proximity between
nodes. In other words, it is the direct connection between
nodes. The decoder as a sigmoid function of inner product
of two embedding vectors is defined as the joint probability
of two nodes.

𝑓 dec
local (𝑣, 𝑢) = 𝑝1 (𝑣, 𝑢) =

1

1 + exp
(
−𝒛T

local , 𝑣 𝒛local , 𝑢

)
Meanwhile, the global structure or the second-order prox-
imity is determined as the common neighborhoods of two
nodes. The decoder represents the conditional probability of
a context 𝑢 given a node 𝑣:

𝑓 dec
global (𝑣, 𝑢) = 𝑝2 (𝑢 |𝑣) =

exp
(
𝒛T

global,𝑣 𝒛global,𝑢

)
∑
𝑣1∈𝑉 𝒛T

global,𝑣 𝒛global,𝑣1

Basically, LINE maps both the local and global structures
into continuous embedding vectors that represent the prob-
abilities over vertices. The object functions are trained to
minimize the KL-divergence between the joint and con-
ditional probabilities described by two decoders and the
corresponding empirical probabilities.

For heterogeneous graphs, Heterogeneous Graph Struc-
ture Learning (HGSL) [39] first defines a weighted cosine
similarity function:

𝑓 dec
r (𝒙𝑣 , 𝒙𝑢) =

1
𝐾

𝐾∑︁
𝑖=1

cos
(
𝒘𝑘,𝑟⊙𝒙𝑣 , 𝒘𝑘,𝑟⊙𝒙𝑢

)
where 𝒘𝑘,𝑟 are learnable parameters, and then HGSL ap-
plies it to generate the feature similarity graph 𝑨SF

𝑟 , which
predicts the connection probability of two nodes based on
their feature vectors. By propagating feature similarity graph
along topological structure 𝑨𝑟 of graph, HGSL obtains the
feature propagation graphs for head nodes 𝑨SFH

𝑟 = 𝑨SF
𝑟 𝑨𝑟

and tail nodes 𝑨SFT
𝑟 = 𝑨𝑟 𝑨

SF
𝑟 , which represent nodes

with similar features and neighbours. These matrices are
combined to obtain the feature graph 𝑨Feat

𝑟 . The cosine
similarity function above is also used on embedding vectors
of metapaths to construct a semantic graph 𝑨Sem

𝑟 . Finally,
learned structure graph is a combination of the feature graph
𝑨Feat
𝑟 , the semantic graph 𝑨Sem

𝑟 and the original graph 𝑨𝑟
via an attention layer. The parameters of the graph structure
learning network are jointly trained with 2-layer GCN to
predict node labels.

Node embedding-based methods essentially convert dis-
crete graph data into a richer continuous embedding space
but still preserve the structural information of nodes. How-
ever, these methods suffer the following disadvantages [34]:
1) no parameters sharing between encoders cause com-
putational inefficiency because the number of parameters
grows linearly with respect to the graph size and 2) with
transductive nature, these methods are unable to extract the
embedding vectors of new unseen nodes without retraining
embeddings. These main problems hinder the further devel-
opment of this direction in recent years.

4. Structure encoding as aggregation operators

Structural matrices A can be viewed as 1) data objects
that store the structural information of graphs (which nodes
connect to which nodes) and 2) operators that are used to ag-
gregate the information within neighborhood. Aggregation-
based structure learning grounds on the latter characteristic
of structural matrices. Since most convolutional graph neu-
ral networks (ConvGNN), which are gaining attention from
research communities recently, are following this direction
to learn graph structures, we focus on ConvGNNs in this
part.

Inheriting the principles of deep learning, ConvGNNs
consist of many layers of neurons, which connect to those
on the next layer. Eq. 2 shows fundamental transformation
in a layer, which contains a matrix multiplication between
input 𝑯 (𝑙−1) and learnable parameters Θ(𝑙−1) of the layer
𝑙 − 1, the neighbor aggregation via a matrix multiplication
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with structural matrix A and finally a non-linear mapping
𝑓 act:

𝑯 (𝑙) = 𝑓 act
(
A𝑯 (𝑙−1)𝚯(𝑙−1)

)
(2)

wherein, 𝑯 (0) = 𝑿 and 𝑓 act can be any non-linear function
such as sigmoid or ReLU. Generally speaking, the input
signal of each layer is transformed via a linear mapping
controlled by Θ(𝑙−1) before these transformed vectors are ag-
gregated along edges. To deeply uncover the role of A, let’s
rewrite Eq. 2 into the form of neuron-wise transformation:

𝒉 (𝑙)𝑣 = 𝑓 act ©­«
∑︁

𝑢∈N(𝑣)
𝒉 (𝑙−1)
𝑢 𝚯(𝑙−1)ª®¬

It can be seen that the structural matrix is only used to pro-
vide the connection information to aggregate nodes within a
neighborhood, rendering an underuse of graph structures.

The early work on ConvGNNs is NN4G (Neural Net-
works for Graphs) [40] which directly employs adjacency
matrix A = 𝑨 to gather the hidden representations of
neighbors. Unlike Eq. 2, NN4G takes the feature matrix 𝑿 of
graph as well as the hidden representations of all preceding
layers 𝑯 (𝑖) into account.

𝑯 (𝑙) = 𝑓 act

(
𝑿𝑾 (𝑙−1) +

𝑙−1∑︁
𝑖=1

𝑨𝑯 (𝑖)𝚯(𝑖,𝑙−1)

)
where, 𝑾 (𝑙−1) and Θ(𝑖,𝑙−1) are parameters corresponding to
feature and hidden representations respectively.

Graph Convolutional Networks (GCN) [41] is one of
seminal works on applying deep learning to graphs. In GCN,
the structural matrix is chosen as a deterministic function
of adjacency matrix A = 𝑫−

1
2 (𝑨 + I) 𝑫− 1

2 , wherein 𝑨 + I
implies self-connections added and 𝑫−

1
2 works as a normal-

izing factor.

𝑯 (𝑙) = 𝑓 act
(
𝑫−

1
2 (𝑨 + I) 𝑫− 1

2 𝑯 (𝑙−1)𝚯(𝑙−1)
)

(3)

Deep Graph Convolutional Neural Network (DGCNN)
[42] is also based on adjacency matrices to incorporate struc-
tural information but performs a different way to compute
the structural matrix. For particular, by setting 𝑨̃ = 𝑨 + I
and 𝑫̃ (𝑖, 𝑖) = ∑

𝑗 𝑨̃ (𝑖, 𝑗), we obtain a hidden layer update
equation, similar to GCN’s, but different in normalization
factor:

𝑯 (𝑙+1) = 𝑓 act
(
𝑫̃
−1 (𝑨 + I) 𝑯 (𝑙−1)𝚯(𝑙−1)

)
Bo Jiang et al. extend GCN to semi-supervised graph
learning, where the structural matrix is not provided explic-
itly. The core idea of Graph Learning-Convolution Network
(GLCN) [43] is to construct the structural matrix A by
leveraging node embedding techniques (Subsec. III.3). The
first layer of GLCN, parameterized by a vector 𝒘 that learns

the similarity of two nodes 𝑣 and 𝑢 using the following
equation:

A (𝑣, 𝑢) =
𝑨 (𝑣, 𝑢) exp

(
ReLU

(
𝒘T |𝑥𝑣 − 𝑥𝑢 |

))
∑𝑛
𝑗=1 𝑨 (𝑣, 𝑗) exp

(
ReLU

(
𝒘T

��𝑥𝑣 − 𝑥 𝑗 ��) ) (4)

In some cases, when 𝑨 is not available, we drop the
𝑨 (·, ·) to yield the corresponding equation without 𝑨. The
next layers are typical convolutional layers, similar to GCN,
but work on computed structural matrix A and its corre-
sponding degree matrix 𝑫A = diag

(
𝑑1, 𝑑2, ..., 𝑑𝑁𝑣

)
,where

𝑑𝑖 =
∑𝑁𝑣
𝑗=1 A (𝑖, 𝑗):

𝑯 (𝑙) = 𝑓 act
(
𝑫A

− 1
2 (A + I) 𝑫−

1
2

A
𝑯 (𝑙−1)𝚯(𝑙−1)

)
Finally, a perceptron layer is stacked on top to predict the
label of the input graph.

The aggregation above can be viewed as a message pass-
ing process which propagates the message from a neighbor 𝑢
to a node 𝑣. GAT (Graph Attention Networks) [44] assumes
that neighbors send messages with different contributions
to the central node 𝑣 and therefore GAT introduces an
attention-based mechanism to re-compute the weights of
messages. The hidden state of a neuron is updated as
follows:

𝒉 (𝑙)𝑣 = 𝜎
©­«

∑︁
𝑢∈N(𝑣)∪{𝑣 }

𝛼
(𝑙)
𝑣𝑢𝚯

(𝑙)𝒉 (𝑙−1)
𝑢

ª®¬
The attention weight 𝛼

(𝑙)
𝑣𝑢 shows the contribution of

a node 𝑢 to a node 𝑣 and is updated as 𝛼
(𝑙)
𝑣𝑢 =

softmax
(
LeakyReLU

(
𝒘T

[
𝚯(𝑙)𝒉 (𝑙−1)

𝑣 ,𝚯(𝑙)𝒉 (𝑙−1)
𝑢

] ))
,

where 𝒘 and 𝚯 are learnable parameters.

Information aggregation using structural matrices is
widely implemented in a lot of state-of-the-art graph neural
network systems nowadays. But richer and higher-level
structural information encoded in A has not been discov-
ered yet except for some basic connections within 𝑘-hops
neighborhood. There is a question about how well graph
neural networks can preserve graph structures [45]. This is
confirmed in [46], whose experiments show that structure-
agnostic methods outperform graph neural networks on
structure-driven problems (i.e., chemical datasets). Hence,
more studies should be conducted to explore and extend the
capacity of aggregating graph structural information.

5. Spectral domain-based methods

Spectral graph learning consists of methods that are based
on graph Fourier transform and have a strong connection to
the theory of graph signal processing [47–49]. Given an
undirected graph whose structure can be represented by a
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structural matrix A (adjacent matrix or Laplacian matrix).
Since A owns special properties such as real symmetric
positive semi-definite, it can be eigen-decomposed into
A = 𝑼𝚲𝑼T, wherein 𝑼 =

[
𝒖1, 𝒖2, ..., 𝒖𝑁𝑣

]
∈ R𝑁𝑣×𝑁𝑣 is

orthonormal eigen-vectors (𝑼T𝑼 = I) and 𝚲 (𝑖, 𝑖) = 𝜆𝑖 are
eigen-values. A graph signal is defined as a vector 𝒔 ∈ R𝑁𝑣 ,
whose 𝑖th element is an observed signal at the 𝑖th vertex.
Graph Fourier transform applied to 𝒔 is demonstrated as
𝒔̃ = F (𝒔) = 𝑼T𝒔 and its inverse transform is F −1 ( 𝒔̃) = 𝑼𝒔̃.
Basically, graph Fourier transform maps an observed signal
in an input space to 𝒔̃ in a spectral space, which is a space
of columns of 𝑼. In other words, the 𝑖th element of 𝒔̃ is a
new coordinate of 𝒔 in the spectral space or 𝒔 =

∑
𝑖 𝒔𝑖𝒖𝑖 . A

convolution between a graph signal 𝒔 and a filter 𝒈 ∈ R𝑁𝑣 is
defined as:

𝒔∗𝒈 = F −1 (F (𝒔) ⊙F (𝒈)) = 𝑼
(
𝑼T𝒔⊙𝑼T𝒈

)
where ⊙ is Hadamard product and ∗ is convolution operator.
If 𝒈𝜃 = diag

(
𝑼T𝒈

)
then we can simplify 𝒔∗𝒈𝜃 = 𝑼𝒈𝜃𝑼

T𝒔.

As a branch of ConvGNNs, spectral methods are strongly
related to spatial-based ones or aggregation-based structure
learning mentioned in Subsec. III.4. The basic idea is to
convert the structural matrix A into a spectral domain, apply
a filter and project back to the spatial domain. Let us revisit
Eq. 2 and view the resulting multiplication 𝑯 (𝑙−1)𝚯(𝑙−1) as
multi-dimensional graph signals on a graph described by A.
If we employ a filter 𝒈𝜃 in a spectral space, whose basis is
𝑼, the layer-wise transformation of spectral methods can be
derived as:

𝑯 (𝑙) = 𝑓 act
(
𝑼𝒈𝜃𝑼

T𝑯 (𝑙−1)𝚯(𝑙−1)
)

(5)

Spectral CNN [50] is one of the first studies on this
direction. The transformation is done by choosing a struc-
tural matrix as Laplacian matrix and decomposing it. The
transformation equation of Spectral CNN is as follows:

𝑯 (𝑙)·, 𝑗 = 𝑓 act ©­«
𝑁𝑐
(𝑙−1)∑︁
𝑖=1

𝑼𝚽(𝑙)
𝑖 𝑗
𝑼T𝑯 (𝑙−1)

·,𝑖
ª®¬
(
𝑗 = 1, 2, ..., 𝑁𝑐 (𝑙)

)
where 𝑁𝑐 (𝑙) is the number of channels at the layer 𝑙. The
filter 𝒈𝜃 = 𝚽(𝑙)

𝑖 𝑗
is a diagonal matrix, whose diagonal entries

can be updated during training. Eigen-decomposition is
expensive and causes O

(
𝑁3
𝑣

)
in computational complexity.

To tackle this problem, Chebyshev Spectral CNN [51] and
GCN [41] are introduced to reduce the complexity using
polynomial approximation.

ChebNet (Chebyshev Spectral CNN) [51] assumes that
the filter 𝒈𝜃 can be approximated by Chebyshev polynomial
with respect to 𝜦 as 𝒈𝜃 =

∑𝐾−1
𝑖=0 𝜃𝑖𝑇𝑖

(
𝚲̄
)
, where 𝚲̄ =

2𝜦/𝜆max − I𝑁𝑣 ∈ [−1, 1]. The advantage of Chebyshev
polynomial is that each term can be recursively computed
from its preceding terms 𝑇𝑖 (𝒙) = 2𝒙𝑇𝑖−1 (𝒙) − 𝑇𝑖−2 (𝒙)

where we define 𝑇0 (𝒙) = 1 and 𝑇1 (𝒙) = 𝒙. As a result,
the convolution between a graph signal 𝒔 and a filter 𝒈𝜃 is
obtained as:

𝒔 ∗ 𝒈𝜃 = 𝑼

(
𝐾−1∑︁
𝑖=0

𝜃𝑖𝑇𝑖
(
𝚲̄
))
𝑼T𝒔

Let us denote 𝑳̄ = 2𝑳/𝜆max − I which can be considered as
a normalizing form of Laplacian matrix 𝑳 and we have 𝑳̄ =

2𝑼𝚲𝑼T/𝜆max − I = 𝑼𝚲̄𝑼T and then 𝑇𝑖
(
𝑳̄
)
= 𝑼𝑇𝑖

(
𝚲̄
)
𝑼T.

The convolution 𝒔 ∗ 𝒈𝜃 can be rewritten as:

𝒔 ∗ 𝒈𝜃 =
𝐾−1∑︁
𝑖=0

𝜃𝑖𝑇𝑖
(
𝑳̄
)
𝒔

The new form indicates that the convolution can be approx-
imated by recursively computing 𝑇𝑖

(
𝑳̄
)

in spatial domain
and therefore the graph Fourier transform is completely
removed and the computational cost is 𝑂 (𝐾𝑁𝑒). Another
approximation approach is CayleyNet [52] which replaces
Chebyshev polynomial with Cayley polynomial. It is proven
that ChebNet is an instance of CayleyNet.

GCN (Graph Convolutional Networks) is a seminal work
proposed by Kipf et al. in [41]. As a bridge between
spectral and spatial approaches in ConvGNNs, GCN inherits
the strength of both. From the spectral view, GCN is the
first order approximation of ChebNet with 𝐾 = 1 and
𝜆max = 2 and the convolution equation in spatial domain
is 𝒔 ∗ 𝒈𝜃 = 𝜃0𝒔 − 𝜃1𝑫

− 1
2

A
A𝑫

− 1
2

A
𝒔. To avoid over-fitting,

GCN assumes 𝜃 = 𝜃0 = −𝜃1. Furthermore, it uses a
normalized version of adjacency matrix, i.e., A = 𝑨 + I𝑁𝑣
and 𝑫A (𝑖, 𝑖) =

∑
𝑗 A (𝑖, 𝑗), to stabilize training and prevent

gradients from exploding or vanishing. Its convolution
equation is given as:

𝒔 ∗ 𝒈𝜃 = 𝜃
(
I𝑁𝑣 + 𝑫−

1
2 𝑨𝑫−

1
2

)
𝒔 = 𝜃𝑫

− 1
2

A
A𝑫

− 1
2

A
𝒔

DGCN (Dual Graph Convolutional Network) [16] employs
two networks with the same architectures of GCN. These
networks are different in input structural matrices. The
first network (named Conv𝑨) is based on the normalized
adjacency matrix in [41] to extract local structures around
nodes. The second network takes PPMI (Positive Point-wise
Mutual Information) (described in Sec. II) as input structural
matrix. Two networks contain their own softmax layers on
top to individually predict output classes. DGCN is trained
with a loss function to minimize the inconsistency between
these two outputs and labels.

Among graph structure learning approaches, spectral
domain-based methods have a strong theoretical background
of graph signal processing, rendering its notable capacity
of explainability. Particularly, it has been proven that
eigen-values and eigen-vectors are associated with graph
connected components, showing that spectral domain-based
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methods can learn the topology of graphs. The main draw-
back of these methods are high computational cost required
to convert signals from spatial to spectral domain but it
has not been a big problem due to excellent improvement
[41, 51, 52] in computation time recently.

6. Motif-based methods

Motifs are “patterns of interconnections that occur with
significantly higher frequencies in complex networks than
those in random networks” [53]. Generally speaking, net-
work motifs are popular subgraph structures frequently oc-
curring in real graphs. Methods in this approach are mainly
based on computing the frequency of motifs in input net-
works. Elementary motif counting methods are not only able
to represent the structures of any graphs but also are effective
to measure the structural similarity between two graphs even
with different number of nodes and edges. Therefore, they
are able to process a lot of real-world network types varying
in size and topology.

Graphlets are one of popular motifs in graph learning
which were introduced in 2004 for protein-protein interac-
tion networks [54] and are developed in graph kernel by
Shervashidze et al. [55]. Since the number of graphlets ex-
ponentially increases with respect to the number of vertices,
the graphlet set is limited to small graphs whose size is ≤ 5
vertices. Let 𝒈 =

[
𝑔1, 𝑔2, ..., 𝑔𝑁graphlet

]T be a collection of
graphlets and 𝜙𝐺 (𝒈) be a frequency vector, whose element
is the frequency of occurrence of the corresponding graphlet
in 𝐺. This vector can be normalized by dividing it by the
sum of frequency of all graphlets in 𝐺 and we gain the
representation vector 𝜙𝐺 (𝒈) of 𝐺. It can be seen that the
structure of a graph is encoded as a normalized frequency
vector, two graphs 𝐺 and 𝐺 ′ with the similar representation
vectors have a high probability to share the same graph
structure. Therefore, graphlet-based methods measure the
graph similarity by defining the distance between these
vectors, e.g., inner product-based distance:

𝑘graphlet (𝐺,𝐺 ′) = 𝜙𝐺 (𝒈)T 𝜙𝐺 (𝒈′) (6)

This similarity measure can be used as kernel function in
kernel-based machine learning frameworks such as SVM
[56]. Other studies adopt the same idea of graph kernel
in Eq. 6 but propose to use low-cost substructures such as
subtree patterns or random walks.

Most works rely on Eq. 6 which assumes the indepen-
dence between substructures. This is not always true. Let
us consider an example on graphlets. A graphlet with size
𝐾 + 1 can be driven from a smaller graph with size 𝐾

by adding nodes or edges, showing a strong relationship
between graphlets. Deep Graph Kernel [57] incorporates

such relationships by introducing a positive semi-definite
matrix 𝑴:

𝑘
(
𝒙, 𝒙′

)
= 𝜙 (𝒙)T 𝑴𝜙

(
𝒙′

)
(7)

This matrix encodes the dependence between substructures
and can be learned automatically. In some cases, if the re-
lationship is explicit, 𝑴 can be pre-computed, e.g., 𝑴 (𝑖, 𝑗)
can be Levenshtein distance (edit distance - the number of
node/edge addition/deletion steps to transform a substruc-
ture 𝑔𝑖 to another substructure 𝑔 𝑗 ). Eq. 7 is a general
frameworks that can be applied to a lot of substructures such
graphlets, subtree pattern [58, 59] or random walks [60].

HONE (Higher-order Network representation learning)
[61] also uses a motif counting strategy to capture the
higher-order structural dependence by first defining a set of
motifs, which essentially are graphlets or orbits (graphlet
automorphisms) and then building a weighted motif adja-
cency matrix for each motif, whose element (𝑖, 𝑗) counts the
number of occurrences of edge (𝑖, 𝑗) ∈ 𝐸 in that motif. The
structural matrix A, which is actually a derived matrix, such
as transition matrix, (normalized) Laplacian matrix, random
walk-based Laplacian matrix, of each weighted motif adja-
cency matrix, is computed and the local/global embedding
is learned for each 𝑘-step structural matrix A𝑘 using matrix
factorization techniques described in Subsec. III.2

To encode the higher order local structures for node em-
bedding learning, mGCMN (graph convolutional multi-layer
networks based on motifs) [62] follows the same idea of mo-
tif counting matrix similar to [61]. This means an element
(𝑢, 𝑣) of its custom motif matrix A indicates the number of
occurrence of the nodes 𝑢 and 𝑣 in the corresponding motif.
But unlike [61], mGCMN accepts the case when 𝑢 and 𝑣 are
the same node. The custom motif matrix is fed into a graph
neural network with convolutional layers, MLP layers and a
softmax layer for a final embedding.

Ghadeer Abuoda et al. [63] leverage motifs to form high-
order topological features to predict the existence of new
links. The paper focuses on small motifs of size 3, 4 and 5,
whose corresponding number of connected non-isomorphic
motifs are 2, 6 and 21. Each motif forms a corresponding
feature and therefore there are 29 features, which allows
to capture the high level of topological details of graphs.
Finally, a traditional classifier is built on these extracted
features to perform a link prediction task.

Motif-based methods are powerful tools to learn the
higher-order structures in graphs and have a wide range of
applications in various areas, especially applications require
structural information such as molecular or protein struc-
tures. Comparing with other graph structure approaches,
motif discovery algorithms are still time-consuming in terms
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of high performance time in measuring statistics of motifs
in large graphs, preventing us from employing motifs with
larger size (i.e., >5 nodes). In the future, further efforts are
needed to accelerate motif discovery algorithms.

IV. GRAPH ISOMORPHISM

When developing machine learning systems on graphs,
one has to deal with another special characteristics of graph
data: graph isomorphism. An isomorphism between two
graphs 𝐺 and 𝐺 ′ is a bijection between their node sets 𝑉
and 𝑉 ′ that preserves adjacency [64]. In this case, two
graphs are isomorphic. Graph isomorphism problem is to
determine whether two given graphs are isomorphic or not.
This is known to be unresolved and still an open problem
in computer science. The complexity of the problem is
unknown. The achievements in graph isomorphism research
show that its complexity is not known to be in NP-complete
or be solvable in polynomial time [20]. One of the most pop-
ular and practical algorithms to check graph isomorphism
until now is Weisfeiler-Lehman test [22], which allows to
efficiently eliminate non-isomorphic graphs. Since graph
topologies are usually represented via popular structural
matrices A and their properties are encoded in feature
matrices 𝑿, isomorphism causes row permutation in 𝑿 and
row/column permutation in A. As a result, two isomorphic
graphs look different but are actually the same and there
exists a permutation matrix 𝑷 ∈ {0, 1}𝑁𝑣×𝑁𝑣 transforming
the structural and feature matrices of this graph into ones
of the other. To develop an algorithm 𝑓 handling graph
isomorphism, there are two important definitions related to
permutation invariance as follows:

• Permutation invariance: [65]: a function 𝑓 (A, 𝑿) is
permutation invariant if the output is unchanged for any
node ordering 𝑓

(
𝑷A𝑷T, 𝑷𝑿

)
= 𝑓 (A, 𝑿).

• Permutation equivariance [65]: a function 𝑓 (A, 𝑿)
is permutation equivariant if permuting the input or
the output of the function obtains the same result
𝑓

(
𝑷A𝑷T, 𝑷𝑿

)
= 𝑷 𝑓 (A, 𝑿).

In recent years, designing permutation invariant graph
learning systems has been receiving increased attention in
literature. Specifically, a theoretical line of studies on
permutation invariant architectures and universal approx-
imation on graphs has been introduced for graph neural
networks, starting with a seminal work of Deep Sets [66]. In
[66], Manzil Zaheer et. al investigate permutation invariant
and equivariant functions operating on sets. The key contri-
bution is the theorem stating that a set function is invariant to
the permutation of elements in a given set from a countable
domain iff it can be decomposed into the following form:

𝑓 (A, 𝑿) = 𝑓𝝆
(
⊕ 𝑓𝝍 (A, 𝑿)

)
(8)

where 𝑓𝝍 is permutation equivariant, 𝑓𝝆 is an arbitrary
function and ⊕ is permutation invariant operator such as
sum, min, max. Eq. 8 plays an important role because most
graph neural networks with permutation invariance capacity
are following this fundamental architecture. However, the
constraint of countable domain in [66] hinders the invariant
architecture above from effective implementation for real-
world applications. [67] considers a specific case of sum-
decomposition, where ⊕ is a summation, and extends the
framework to continuity on uncountable domain for more
practical usefulness.

To deeply investigate the invariance and equivariance
properties of graphs, some studies [68] pay attention to
linear layers that are the building-blocks of most deep net-
works. For graph data, [68] proves that the dimensions
of all permutation invariant and equivariant linear layer
spaces are 2 and 15 respectively. More importantly, these
dimensions are independent of the number of vertices and
therefore invariant and equivariant networks can be applied
to different-sized graphs. Orthogonal basis of these spaces
are computed and introduced in the paper to build linear
layers with invariance and equivariance capacities.

Haggai Maron et. al. [69] examine on the capacity of
neural networks, whose architecture consists of a sequence
of linear equivariant layers, non-liner layers and invariant
layers, similar to [66], to approximate any (continuous)
invariant function. The paper considers the general cases
of any subgroups of a symmetric group acting on R𝑛 by
permuting coordinates. Suppose that a G-invariant function
is a function satisfying 𝑓 (𝑔 · 𝑥) = 𝑓 (𝑥) for all element
𝑥 ∈ R𝑛 and action 𝑔 in the subgroup. Results from the
paper show that a G-invariant network can be a universal
approximator of arbitrary continuous G-invariant function if
high-order tensors are allowed. If group is a set, only the
first order G-invariant network (with maximal tensor order
of 1) is required to be universal and one instance is shown
in [66]. The work of k-IGNs [69] is the first step to discover
the approximation power of invariant networks in general
and deep networks on graphs in particular, rendering better
understanding of the limitation and capacity of invariant
architecture. The work of [69] is confirmed in [70], which
introduces an alternative proof based on Stone-Weierstrass
theorem for algebra of real-valued functions. Furthermore,
[70] extends the results to equivariant functions using a
novel generalized version of Stone-Weierstrass theorem.

It is notable that not all graph learning methods are
equipped with permutation invariant or equivariant operators
(for example, GraphSAGE with LSTM aggregation [71])
and hence, theoretically, they are unable to handle isomor-
phic graphs in practice. This section reviews common tech-
niques to train permutation invariant graph learning systems.
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Further, although permutation invariance and equivariance
are equally crucial in theory, invariance property has been
receiving more attention for graph data due to its direct
connection to graph isomorphism problem. Hence, we
mainly focus on introducing graph learning methods with
permutation invariance in the following part and leave the
review on permutation equivariant systems for future work.

1. Aggregation function (readout function)

A fundamental approach to build a permutation invariant
system relies on ordering invariant aggregation functions.
Aggregation functions (or readout functions or pooling lay-
ers) are used to gather the information of a node and
nodes/edges in its neighborhood. Most methods in this
approach follows the framework proposed in [66] with a per-
mutation equivariant function 𝑓𝝍 and permutation invariance
aggregation operator ⊕ followed by an arbitrary function 𝑓𝝆

(Eq. 8). The most popular permutation invariant aggregators
are sum, product, minimum, maximum, covariance, some of
which are reviewed in this section.

K. Xu, W. Hu, el al[72] introduces a framework, named
Graph Isomorphism Network (GIN), which is as powerful
as Weisfeiler-Lehman graph isomorphism test. To ensure
the permutation invariance capacity, a readout function/pool-
ing layer aggregates node features to yield graph represen-
tations. The paper examines three permutation invariant
functions including sum, mean and max aggregators and
ranks them by expressive power. Namely, one with the
most representational power is sum that describes the whole
multi-set whilst mean expresses the distribution of the multi-
set and max reduces the multi-set to a simple set. Since
mean and max aggregators are not injective, they are weaker
in distinguishing isomorphism than sum operators. This
explains the common choice of sum operators in existing
invariance systems [67, 72].

Set Transformer [73] is designed to model the interactions
of input set elements. The proposed architecture consists
of an encoder, which is equivariant to permutation, and
a decoder, whose pooling layer is a permutation invariant
transformation or essentially is a sum of outputs from the
encoder. Unlike most popular networks, which are based on
GCNs or their variants, Set Transformer is completely built
on layers with attention mechanism and therefore it allows to
learn the high-order connections between elements in sets.

Besides providing permutation invariance, some stud-
ies such as Bilinear GNN [74] extends the capacity
of aggregators to capture interactions between neigh-
bor nodes, which is not encoded by existing models.
To that end, Bilinear GNN computes the sum of all
node pairs in the neighborhood of a node 𝑣, namely
𝑓 (𝑣) = 2

𝑑𝑣 (𝑑𝑣+1)
∑
𝑖∈N(𝑣)∪{𝑣 }

∑
𝑗∈N(𝑣)∪{𝑣 }&𝑖< 𝑗 𝒉𝑖𝑾⊙𝒉 𝑗𝑾,

where 𝑑𝑣 is the degree of the node 𝑣. The interaction
between two nodes is effectively modeled via element-wise
product between their representation vectors. It is notable
that the interaction aggregation takes the central node into
account to enrich the aggregation result in the case of sparse
local structures with several neighbors.

A drawback of aggregation operators of sum, max or min
is its scalar output, causing the significant loss of informa-
tion, especially for local structures with many nodes. Based
on the idea of vector output in capsule networks, GCAPS-
CNN (Graph Capsule Convolutional Neural Networks [75]
is able to capture higher order statistical information of
adjacent nodes. Given a hidden representation vector 𝑯 (𝑙)

at the layer 𝑙, GCAPS-CNN calculates the covariance of
𝑯 (𝑙) , which is known to be invariant to permutation, as

𝑓

(
𝑯 (𝑙)

)
= 1
𝑁

(
𝑯 (𝑙) − 𝜇

)T (
𝑯 (𝑙) − 𝜇

)
, where 𝜇 is the mean

vector of 𝑯 (𝑙) . Compared with scalar aggregators, much
information of data distribution is preserved in covariance
such as shape, norm and angles between node features.
GCAPS-CNN can be classified as a permutation invariance
aggregator based on matrix multiplication.

Similarly, PiNet (Permutation Invariant Graph Neural
Network) [76] is an end-to-end permutation invariant net-
work using matrix multiplication. A feature matrix 𝑿 and
an adjacency matrix 𝑨 are passed through neural layers
to obtain the representation matrices 𝒁𝑿 ∈ R𝑁𝑣×𝑁𝑿 and
𝒁𝑨 ∈ R𝑁𝑣×𝑁𝑨 respectively, where 𝑁𝑿 and 𝑁𝑨 are the
corresponding hidden dimensions. Next, these two matrices
are combined in a product layer 𝒁T

𝑿 𝒁𝑨 ∈ R𝑁𝑿×𝑁𝑨 , which is
invariant to node orders(𝑷𝒁𝑿 )T (𝑷𝒁𝑨) = 𝒁T

𝑿

(
𝑷T𝑷

)
𝒁𝑨 =

𝒁T
𝑿 𝒁𝑨 for any permutation matrix 𝑷. Basically, the element
(𝑖, 𝑗) of the product matrix is the inner product of the 𝑖th

feature-related representation vector and the 𝑗 th structural
representation vector across all nodes.

Due to the efficiency and scalability, especially for huge
social networks, aggregation-based approach is the most
practical choice to develop graph learning systems with
permutation invariance power. However, compressing huge
amount of neighborhood information into single scalars or
vectors via aggregators such as sum or max causes the signif-
icant loss of information and results in the misclassifcation
between non-isomorphic graphs. Although high-order ten-
sors [69] help to improve the power of discrimination, they
add more computation cost. Therefore, developing effective
aggregation methods that balance the representation power
and scalability is a challenging question in this research
direction.
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2. Ordering-based approach

To overcome the loss of information when using aggrega-
tion functions, a few attempts have been done to preserve the
information of neighbor nodes but still satisfy permutation
invariance constraint by sorting them to form a consistent
sequence, which is the same for any node permutation. The
idea is based on the basic property of sorting: given a se-
quence of real-valued numbers, sorting algorithms produce
the same ordered sequence, e.g., ascending or descending or-
der, for its permuted sequences and the ordered sequence can
be considered as canonical form of the input sequence. As a
result, two isomorphic graphs have the same representation
after sorting step and then the goal of permutation invariance
is obtained.

Deep Graph Convolutional Neural Network (DGCNN)
[4] proposes a sorting-based pooling layer, named SortPool-
ing, to reorder nodes by representation values in a consistent
and meaningful manner. Support that after passing all graph
convolution layers, the concatenated representation matrix
is 𝑯 (1:𝑁𝑙) ∈ R𝑁𝑣×𝑁𝑐 ,where 𝑁𝑐 =

∑𝑁𝑙
𝑙=1 𝑁𝑐

(𝑙) is the total
number of channels over all representation layers, 𝑯 (1:𝑁𝑙)

is sorted row-wise according to the last column of 𝑯 (1:𝑁𝑙) .
If two rows have the same last column values, the second
last and the next one is used for comparison until an order
can be identified. Basically, this sorting strategy is colex-
icographical ordering. The proposed SortPooling has two
key advantages compared with scalar aggregation operators:
(1) much information is allowed to pass, rendering more
meaningful representations and (2) by storing the order of
SortPooling layer’s input, the initial state of the node (before
sorting) can be restored and this also enables to do back-
propagation for SortPooling.

PATCHY-SAN [24] is a graph learning method that
strictly follows the intuition of CNNs’ filters on local re-
ceptive fields with fixed size and defined neighboring or-
der. To that end, for a selected node 𝑣, PATCHY-SAN
first extracts 𝐾 neighbor nodes using a breath-first search
algorithm with increasing distance from the target node 𝑣
and find an optimal order for this 𝐾-node sequence. Unlike
the aforementioned methods which simply perform a sorting
procedure, PATCHY-SAN implements an optimization step
to find an optimal solution as canonical ordered sequence.
In particular, the graph labeling optimization problem is
𝑙 = argmin

𝑙

E
[��� 𝑓 dis

𝑨

(
𝑨𝐺′

𝐾
, 𝑨𝐺′′

𝐾

)
− 𝑓 dis (

𝐺 ′
𝐾
, 𝐺 ′′

𝐾

) ���] , where

𝑓 dis
𝑨 and 𝑓 dis are distance functions on graphs and adjacency

matrices with 𝐾 nodes. By solving this object function,
we can obtain an optimal node order 𝑙 such that, for any
uniformly random graphs 𝐺 ′

𝐾
and 𝐺 ′′

𝐾
from a graph collec-

tion with 𝐾 nodes, the expected difference between random
graphs is minimized. The advantage of optimization-based

approach is that it not only works on isomorphic but also
similar graphs with different connections and therefore more
generalization in practice.

For molecule related problems, Coulomb matrix is
adopted to describe the basic properties and structures of
molecules and it is formulated as follows:

𝐶 (𝑖, 𝑗) =


0.5𝒛2.4
𝑖
∀𝑖 = 𝑗

𝒛𝑖𝒛 𝑗

|𝒓 𝑖−𝒓 𝑗 | ∀ 𝑗 ≠ 𝑗

where, 𝒛𝑖 and 𝒓𝑖 are the charge and 3D position of the 𝑖th

atom in a given molecule. Basically, the elements on the
diagonal indicate polynomial fit of the potential energies
of the free atoms whilst the other elements are Coulomb
repulsion between nuclei pairs. Since Coulomb matrix
lacks the capacity of permutation invariance, rendering the
exponential blow-up of Coulomb descriptors for the same
molecule. [77] proposes to transform 𝐶 to spectral form
by computing the eigen-decomposition and use the sorted
eigen-values of 𝐶 as permutation invariant representation
vector. Gregoire Montavon et. al [78] introduce another
solution in spatial domain by reordering rows of𝐶 according
to their norms. To deal with larger dimensionality, the
paper also introduces the idea of adding a random noise to
row norms before sorting to generate more sorted Coulomb
matrices per molecule for data augmentation. Among three
methods, randomly sorted Coulomb representation produces
the best performance for the problem of atomization energy
prediction [78].

EigenPool (Eigenvector-based Pooling Layers) [79] de-
velops permutation invariance operators by sorting eigenval-
ues in spectral domain. EigenPool is a graph convolutional
network that consists of coarse-to-fine groups of convolution
layers and pooling layers. The pooling layers have two
steps of: (1) spectral clustering to divide the graph at the
level 𝑙 into several non-overlapping clusters and then (2)
nodes with the same cluster are aggregated by summing their
feature vectors. Since the spectral clustering always gives
the same clustering results for all node permutation, the final
graph representation is permutation invariant. Spectral graph
clustering first converts initial graphs in spatial domain into
spectral domain by applying graph Fourier transform on
graph Laplacian matrix. The top 𝐾 eigen-vectors are sorted
by their corresponding eigenvalues in an ascending order to
form a matrix 𝑼 of 𝑁𝑣 × 𝐾 , whose rows represent the clus-
tering features of the corresponding nodes in spectral space.
A clustering algorithm, such as 𝐾-means, can be applied to
group nodes into clusters. Since the clustering feature of
each node is unchanged under permutation transformation,
the clustering results are completely independent of node
order.
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Graph isomorphism problem has a strong connection to
graph ordering that is to find an optimal order for all nodes
of a graph [80]. Graph ordering can be thought as a way
to convert graphs into a canonical form, which is identical
for any isomorphic graphs, rendering an invariance to node
permutation. [80] proposes a graph ordering neural network,
called Deep Ordering Network with Reinforcement Learn-
ing (DON-RL), towards graph visualization applications,
where isomorphic graphs should have the consistent and
unique visualization in a space. The key intuition is to find
an optimal node ordering that maximizes the following ac-
cumulated locality score 𝑓 (𝜋) = ∑

0≤𝜋𝑢−𝜋𝑣≤𝑤 𝑓 sim (𝑣, 𝑢),
where 𝑢 and 𝑣 are two ordered nodes in a windows of size
𝑤 and 𝑓 sim (𝑣, 𝑢) is a similarity function. To overcome
the combinatorial explosion of training space, DON-RL is
trained to predict the next node, which should be added
to the current ordered node subset of 𝑉 . The selected
node should be one that maximizes the accumulated locality
score. By adding each node from 𝑉 to the subset until all
nodes are placed, a node ordering is obtained. It can be
seen that DON-RL is similar to PATCHY-SAN[24] in terms
of automatically learning node ordering, but unlike [24],
optimization is obtained via more advanced Reinforcement
Learning framework in DON-RL.

The benefit of ordering-based approach compared with
aggregation function is to allow much information pass
through the pooling/sorting layers. This helps to construct
more distinctive and meaningful features for downstream
tasks. The main drawback of this approach is more com-
putation cost is required to arrange sequences in an expected
order. Sometimes, due to noise and approximation errors
(e.g., of eigen-decomposition implementation or optimiza-
tion algorithms), sorting results are not always the same as
in theory. However, ordering-based approach, along with ag-
gregation functions, are still effective solutions for building
graph learning systems invariant to node permutation.

3. Histogram-based methods

Histograms are fundamental and popular representations
across many fields. Basically, a histogram is a frequency
vector, where each index is associated with an object of in-
terest and the corresponding element represents the number
of times that object occurs. In graph learning, objects are
substructures including subgraphs (also known as graphlets,
motifs or graph fragments) [81] or special structures such as
shortest paths, subtrees, random walks [24], cycles or cliques
[82]. Given a dictionary 𝚺 of common substructures, the
idea of histogram-based approach to encode a graph is to
count the frequency of substructures in the graph and map
to a fixed size and ordered representation vector. Although
graph isomorphism impacts on the order/label of nodes in

graphs, local structures are unchanged and hence frequency
vectors are consistent for isomorphic graphs. In other words,
two isomorphic graphs share the same substructure distribu-
tions. However, since this approach does not take positional
relationship of substructures into account, two graphs with
different local substructure arrangement still have the same
representation vector.

Substructure counting techniques are common in graph
kernel methods that are based on idea of designing a kernel
function to measure the similarity between any two graphs
and then applying kernel methods, e.g., SVMs [56], to
perform machine learning tasks. An example is the early
work of graphlets [55], where the kernel function is defined
as inner product between two frequency vectors, which
count the frequency of graphlets with size of 𝑘 ≤5, namely
𝑘graphlet (𝐺,𝐺 ′) = 𝜙𝐺 (𝒈)T 𝜙𝐺 (𝒈′). Other substructures
with lower computation cost can be used, for example,
subtree patterns [57] or random walks [57]. Computing
frequency of a graphlet with size of 𝑘 requires to enumer-
ate all graphlets of size 𝑘 in a given input graph. The
complexity is O

(
𝑁 𝑘𝑣

)
, which is expensive. Sampling is

an alternative solution which draws a sufficient number of
graphlets randomly from the input graph. The expectation
is that if the number of drawn samples is large enough,
the approximate graphlet distribution is close to the true
distribution. By choosing the proper number of samples, this
approach allows to balance between the accuracy and the
efficiency in practical applications, especially ones related
to large graphs.

Instead of building a huge graphlet dictionary from train-
ing data and suffering the expensive graph encoding cost due
to too many graphlets need to be counted [57], Dimistris
Floros et. al [83] use a predefined dictionary of limited
size of 16 graphlets to speed up the process. For any input
graph with 𝑁𝑣 vertices, an vertex-graphlet incident matrix
∈ R𝑁𝑣×|𝚺 | to describe the occurrence frequency of a graphlet
in 𝚺 at the 𝑖th node. As a result, any two nodes at the same
orbit (a subset of vertices symmetric under permutations
[82, 83]) have the same frequency vector, resulting in orbit-
invariance.

With the dominance of message passing based GNNs
in literature, [82] introduces GSN (Graph Structure Net-
works) to overcome the limitations of conventional GNNs.
Although substructures play an important role in many
studies of networks, e.g., molecules or proteins, existing
GNNs mostly discover the features of a node itself or the
aggregated features of its neighbors rather than its local
structures. As the result, the expressive power of GNNs
is only equivalent to Weisfeiler-Lehman test. To leverage
the source of rich information from substructures, GSN pro-
poses to integrate a subgraph isomorphism counting function
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for node feature encoding. Let 𝚺 be the collection of small
substructures, e.g., cycles of fixed length or cliques. For
a substructure 𝑔𝚺 ∈ 𝚺, let Aut

(
𝑔𝚺

)
denote the set of all

unique automorphism of 𝑔𝚺. For any input graph 𝐺, support
that 𝑔 ∈ 𝐺 is a subgraph of 𝐺 and isomorphic to 𝑔𝚺 via a
bijection mapping 𝑓 iso from 𝑉𝑔 to 𝑉𝑔𝚺 , the structural feature
at node 𝑣 with respect to substructure 𝑔𝚺 is defined as:

𝒙𝑔
𝚺 ,𝑖
𝑣 =

��{𝑔≃𝑔𝚺 : 𝑣 ∈ 𝑔 s.t. 𝑓 iso (𝑣) ∈ 𝑂𝑔𝚺 ,𝑖
}����Aut

(
𝑔𝚺

) ��
𝒙𝑔

𝚺

𝑣 =

[
𝒙𝑔

𝚺 ,1
𝑣 , 𝒙𝑔

𝚺 ,2
𝑣 , ..., 𝒙

𝑔𝚺 ,𝑁
𝑔𝚺

𝑣

]
where 𝑂𝑔𝚺 ,𝑖 is the 𝑖th unique element of the quotient of
the automorphism acting on the substructure 𝑔𝚺. By enu-
merating all substructures 𝑔𝚺

𝑖
in 𝚺 and concatenating their

structural features, we obtain the vertex structural feature of

a node 𝑣 as: 𝒙𝑣 =
[
𝒙
𝑔𝚺1
𝑣 , 𝒙

𝑔𝚺2
𝑣 , ..., 𝒙

𝑔𝚺|𝚺 |
𝑣

]
. Another edge-related

structural feature is introduced in [82]. These structural
features along with conventional hidden vertex features 𝒉 (𝑙)𝑣
are plugged into a message passing framework [84] defined
in a general manner. GSNs are proven to be at least as
powerful as MPNNs (Message Passing Neural Networks)
[84] and 1-WL test.

Unlike nodes or edges, which are basic elements in
graphs, substructures are higher-order components contain-
ing crucial topological information and unique characteris-
tics of a graph. These components can help to distinguish
different graphs better than many permutation invariance
techniques [82]. But recognizing substructures of interest
in a large graph is not a trivial task because substructures
are essentially graphs and also affected by isomorphism.
Furthermore, enumerating large graphs for higher-order sub-
structure counting is time consuming, hindering the popular-
ity of this approach and its applicability in practice. How-
ever, recent advances in discovering theoretical expressive
power [85] of substructures and their practical representation
capacity of real complex topology reveal their potential to
develop more powerful graph representation systems.

4. Permutation sampling

Another line of studies, which does not explicitly design
permutation invariance functions but forces instead models
to deal with permutations, is permutation sampling. The
intuition is to train models on data, which is randomly
permuted. It seems to be unsound in theory at the first
glance but it is actually associated with exchangeability in
probability distributions [86, 87].

One of general form of permutation sampling is Janossy
pooling [86] that represents permutation invariant functions

as the average of a permutation-sensitive function acting on
all reorderings of input sequences. Let 𝑓 arb (·) denote arbi-
trary function that can accept any variable-size finite input
sequences 𝒉 with the length of |𝒉 |, and 𝜋 is a permutation in
a set Π |𝒉 | of all permutation of 𝒉.

𝑓 ( |𝒉 | , 𝒉) = 1
|𝒉 |!

∑︁
𝜋∈Π|𝒉 |

𝑓 arb ( |𝒉 | , 𝒉) (9)

Theoretically, Π |𝒉 | and sum are invariant to the order of
input sequences and hence 𝑓 ( |𝒉 | , 𝒉) becomes a permuta-
tion invariant function. Computing the sum over permuta-
tion set Π |𝒉 | is expensive, an approximation is required for
computational tractability. In [86], the authors propose three
methods of approximation: 1) convert 𝒉 into a canonical
form, e.g., sorting (Subsec. IV.2), before feeding it into
𝑓 arb (·); 2) still employ Eq. 9 but on some small first 𝑘 ele-
ments of input sequences; and 3) evaluate the sum via some
random permutation samples from Π |𝒉 | instead of all its el-
ements. These methods offer significant computational sav-
ings and can be implemented in practice. Relational Pooling
[88] is an extension of Janossy Pooling. Although they share
the same idea of summing over all permutation set, Rela-
tional Pooling works directly on the structural matrix and
the feature matrix 𝑓 (𝐺) = 1

|𝑉 |!
∑
𝜋∈Π|𝑉 | 𝑓

arb (
A𝜋,𝜋 , 𝑿 𝜋

)
.

The experiments in the paper shows that RP-GNN, which is
actually GNN with Relational Pooling, is more expressive
than Weisfeiler-Lehman test [88]. It means that RP-GNN
can distinguish pairs of non-isomorphic graphs that cannot
be recognized by Weisfeiler-Lehman test.

Local Relational Pooling (LRP) [81] adopts the frame-
work of Relational Pooling [88] but applies to local struc-
tures of egonets. An egonet of a depth 𝑟 at a specific node 𝑣
is an induced subgraph including 𝑣 and its neighborhoodN𝑟𝑣
that consists of all nodes within the distance of 𝑟 . For Rela-
tional Pooling, we have to consider all permutations of nodes
in N𝑟𝑣 . However, since egonets are rooted graphs, the com-
putational cost reduces to a subset ofN𝑟𝑣 , which is equivalent
to breath-first-search (BFS) at 𝑣. Formally, Local Relational
Pooling is defined as: 𝑓 (𝑣) = 1

|𝑉BFS |!
∑
𝜋∈Π|𝑉BFS | 𝑔

(
A𝑣
𝜋, 𝜋

)
.

To further improve the speed, only 𝑘 ordered nodes in BFS
list is considered rather than taking all nodes in the egonets.
For a network with a bounded degree, the complexity of the
pooling layer grows linearly with respect to the number of
vertices.

Edo Cohen-Karlik et. al [89] adopt the idea of [86] by
feeding randomly permuted input sequences but the authors
apply it to building a regularizer towards permutation invari-
ance for RNNs. The goal of RNNs is to train a function:
𝑓 : S × X → 𝑆 starting from an initial state 𝒔0. The
state at the time 𝑡 + 1 is updated via the previous state as:
𝒔𝑡+1 = 𝑓 (𝒔𝑡 , 𝒙𝑡 ) . To learn a permutation invariance func-
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tion 𝑓 , which produces the same output regardless of any
input order, [86] introduces subset invariance regularization
(SIRE). For a training subset with the same output, SIRE
should be zero otherwise it should penalize for different
outputs. More interestingly, the authors prove that this can
be obtained efficiently by swapping any two elements 𝒙1 and
𝒙2 during training, resulting in the following regularization
term: E𝒔∈S

[
( 𝑓 (𝒔, 𝒙1, 𝒙2) − 𝑓 (𝒔, 𝒙2, 𝒙1))2

]
, where 𝒙1 and

𝒙2 are two new inputs and 𝑓
(
𝒔, 𝒙𝑖 , 𝒙 𝑗

)
= 𝑓

(
𝑓 (𝒔, 𝒙𝑖) , 𝒙 𝑗

)
.

Moreover, RNNs trained with SIRE use fewer parameters
than Deep Set based approach [66].

Some studies [71, 90] follow the strategy of permutation
sampling but reduce the computational cost by drawing only
one sample instead of a large batch of samples. Deep
Collective Inference (DCI) [90] is an example, which im-
plements a RNN-based framework for collective inference.
Namely, for a particular node, DCI transforms the target
node and its neighbors into an unordered node sequence
before feeding into a RNN to predict corresponding class
outputs. Meanwhile, GraphSAGE [71] offers to uniformly
sample the fixed number of nodes in neighborhood in its
aggregation step.

Permutation sampling approach can be applied to learn
permutation invariance in many complex models, such as
LSTMs or RNNs, for which it is challenging to explicitly
design a permutation invariance function. Additionally,
sampling allows significant computational savings, which is
especially helpful for training heavy models. Although this
approach is still gaining less attention from community in
both theoretical and practical research, recent achievements
[71, 90] are fairly promising.

V. DISCUSSION

In this section, we briefly summarize and analyze existing
approaches and open issues for graph structure and permu-
tation invariance learning:

Graph structure learning: Structural matrix factoriza-
tion and spectral domain-based methods are classical ap-
proaches and usually face the problem of high computational
cost, hindering their applicability in real-world scenarios.
Node embedding are node-level models without parameter
sharing and therefore they are not suitable for popular appli-
cations related to entire graphs. Two existing approaches,
which most graph learning studies are focusing on, are
ones based on graph coloring and aggregation operators.
These techniques can be observed in recent state-of-the art
graph neural networks nowadays due to their efficiency and
accuracy. However, they usually rely on simple and easy-
to-compute substructures and therefore discovering higher
and complex structures should be considered and explored.
For motif-based methods, although they are very powerful to

represent local topology, their expensive cost is limiting the
number of research on this direction. But integrating motifs
into existing graph learning systems will be a potential to
improve the power of graph structure learning.

Permutation invariant learning: Histogram-based
methods are widely used in kernel methods but have not
been studied in recent years because of their high cost to
find patterns of interest in large graphs to construct his-
tograms. By contrast, aggregation function and ordering-
based approaches are dominating the literature to date due to
better balance between accuracy and speed. Compared with
ordering-based approach, aggregation functions are much
faster but they usually have the problem of information loss.
However, recent theoretical and practical results show that
aggregation functions with higher-order tensors can expand
the capacity of distinguishing isomorphic graphs, shining a
light onto building better permutation invariance systems.
For complex graph learning systems, which are infeasi-
ble or costly to integrate permutation invariance functions
by design, training permutation invariance models using
permutation sampling is a potential direction with some
promising results [71, 90]. However, since there are a
few studies following this direction, further research should
be conducted to comprehensively verify and evaluate its
effectiveness in both theoretical and practical aspects.

Some open issues of both graph structure and isomor-
phism invariance learning can be listed as follows:

• Scalability: Designing systems to work efficiently on
large graphs is not only a big challenging for graph
learning but also for any graph-related problems. Ba-
sically, the number of substructures and patterns in-
crease according to graph size, resulting in a significant
increase in the cost of enumerating nodes and encod-
ing local structures. Many graph structure learning
methods depend on fundamental structure matrices,
which become inefficient on such large graphs. For
isomorphism test, comparing two large graphs to verify
whether they are isomorphic or not is expensive as well.
Therefore, there is an open question about developing
better algorithms that balance between speed and accu-
racy for large-scale graphs.

• Complex Graphs: The majority of graph structure
learning and permutation invariance studies are con-
ducted on undirected homogeneous graphs. But more
sophisticated graphs can be seen in real-world applica-
tions. Some examples are directed graphs that imply
the direction of the relationship between entities or
heterogeneous groups whose nodes and edges can have
different types or dynamic graphs whose nodes and
edges change over time. All such types of graphs
usually require algorithms with proper designs and
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optimizations in order to maintain good performance
in real-world scenarios.

• Higher-order substructures: High-order substruc-
tures often contain more meaningful information. This
not only allows to describe complicated graph topol-
ogy but also helps to better distinguish more non-
isomorphic graphs. However, since substructures are
actually graphs, recognizing and encoding them require
more cost with respect to their structure complexity.
With the lack of efficient methods to process higher-
order substructures, most existing graph learning mod-
els are still based on simple graph elements for effi-
ciency. But we believe that, with the rapid growth and
development of deep learning in recent years, discov-
eries and advances on higher-order substructures can
bring us more powerful graph learning systems in the
near future.

VI. CONCLUSION

This survey has given a comprehensive review on graph
learning advances in recent years. Particularly, it focuses
on two fundamental but important topics of graph learn-
ing, which are graph structure learning and permutation
invariance learning. For each topic, we examine existing
approaches and provide detailed analysis on its pros and
cons. Future directions of these topics are also discussed and
explained. We hope that this survey can help researchers to
better understand these topics as well as the broader field
of graph learning, one of hot areas in machine learning
nowadays.
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Abstract: Steiner Minimal Tree (SMT) is a combinatorial
optimization problem that has many important applications
in science and engineering; this is an NP-hard class problem.
In recent decades, there have been a series of scientific papers
published for solving the SMT problem using the approaches
from exact solutions (such as dynamic programming, branch
and bound) and approximate solutions (such as heuristic
algorithm, metaheuristic algorithm). This paper proposes an
improvement for two heuristic algorithms, PD-Steiner and
SPT-Steiner, to solve a SMT problem in large size sparse
graphs with edge weights not exceeding 10, and validates this
proposal on large-size sparse graphs up to 100000 vertices.
These experimental results are useful information for further
research on the SMT problem.

Keywords: Steiner minimal tree, sparse graph, heuristic algo-
rithm, metaheuristic algorithm.

I. INTRODUCTION

A. Definitions

This section contains definitions and properties pertain-
ing to the SMT problem.

Definition 1: Steiner tree [3]

Given 𝐺 = (𝑉 (𝐺), 𝐸 (𝐺)) is an interconnected undi-
rected single graph with non-negative edge weights; where
𝑉 (𝐺) is a set of 𝑛 vertices, 𝐸 (𝐺) is a set of 𝑚 edges, 𝑤(𝑒)
is the weight of edge 𝑒, 𝑒 ∈ 𝐸 (𝐺). A Steiner tree of 𝐿 is a
tree 𝑇 that connects all vertices in a subset 𝐿 of 𝑉 (𝐺).

𝐿 is called a terminal set, its vertices are called terminal
vertices, and vertices belonging to 𝑇 but not 𝐿, are called
Steiner vertices. Unlike other spanning tree problems, the
Steiner tree only needs to traverse all of the vertices in the
terminal set 𝐿 and possibly some more vertices in the set
𝑉 (𝐺).

Definition 2: The cost of Steiner tree [3]

Given that 𝑇 = (𝑉 (𝑇), 𝐸 (𝑇)) is a Steiner tree of graph
𝐺, the cost of tree 𝑇 , denoted 𝐶 (𝑇), is the total weight of
the tree’s edges, or 𝐶 (𝑇) = ∑

𝑒∈𝐸 (𝑇 ) )
𝑤(𝑒).

Definition 3: Steiner Minimal Tree [3]

Given the graph 𝐺 described above, the problem of
establishing a Steiner tree at the lowest possible cost is
called the Steiner Minimal Trees problem – SMT; or, more
succinctly, Steiner Trees problem.

SMT is a combinatorial optimization problem in graph
theory. In general, SMT has been proven to belong to the
NP-hard problem [3, 13]. There are two special cases for
SMT problem that can be solved in polynomial time: When
𝐿 = 𝑉 (𝐺) and |𝐿 | = 2 (|𝐿 | denotes the number of vertices
in the set 𝐿): When 𝐿 = 𝑉 , SMT problem can be solved by
the smallest spanning tree algorithms; such as Prim [30],
Kruskal [30]; when |𝐿 | = 2, SMT problem can be solved by
algorithms of finding shortest paths between two vertices,
such as Dijkstra [30].

For brevity, in this article, the graph is understood as a
single, undirected, interconnected graph, with non-negative
weights.

Example 1:

Given a graph 𝐺 with 9 vertices and 10 edges as shown
in Figure 1 and terminal set 𝐿 = {2, 8, 9}.
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Figure 1. Illustration of a weighted interconnected undirected graph G.

The Steiner Minimal Tree founding corresponding to the
terminal set 𝐿 on graph 𝐺 is 𝑇 with 𝑉 (𝑇) = {2, 3, 4, 6, 8, 9}
and 𝐸 (𝑇) = {(2, 3), (3, 4), (4, 6), (4, 8), (6, 9)} as illus-
trated in Figure 2; tree 𝑇 has the Steiner vertices set {3, 4, 6}
and the cost of 25.

Figure 2. Steiner Minimal Tree corresponding to terminal set 𝐿 of graph
𝐺.

B. Application of SMT problem

SMT problems can be found in important applications
in several scientific and engineering fields such as the
communication network design problems [2, 6, 11, 33, 41],
VLSI design problems (Very Large Scale Integrated) [10],
and problems related to network systems with the lowest
cost [8, 10, 12, 18, 20, 23], etc.

C. Some forms of Steiner Minimal Tree problems

Steiner Minimal Tree problems are currently being stud-
ied in the following forms:

The first one is the Steiner Tree problem with Euclidean
distance [13, 17, 38]. In the OXY coordinate plane, given
a graph 𝐺 = (𝑉 (𝐺), 𝐸 (𝐺)) and a vertex set 𝑌 ⊆ 𝑉 . We
need to find trees passing through all the vertices in set
𝑌 and have a minimum total length, allowing us to add
several sub-points (Steiner points) taken from the vertices
of 𝑉 . Euclide distance between two points 𝑃1 (𝑥1, 𝑦1) and
𝑃2 (𝑥2, 𝑦2) is defined as the length of the line connecting
the two vertices 𝑃1, 𝑃2.

The second form is the Steiner Tree problem with recti-
linear distance [45]. In the OXY coordinate plane, given a
graph 𝐺 = (𝑉 (𝐺), 𝐸 (𝐺)) and a vertex set 𝑌 ⊆ 𝑉 We need
to find trees passing through all the vertices in the set 𝑌 and
have a minimum total length, allowing us to add a number

of sub-points (Steiner points) taken from the vertices of 𝑉 .
𝑑 (𝑃1, 𝑃2) = |𝑥1 − 𝑥2 | + |𝑦1 − 𝑦2 | is the rectilinear distance
between two points 𝑃1 (𝑥1, 𝑦1) and 𝑃2 (𝑥2, 𝑦2).

The third form is the Steiner Tree problem, with the
distance between vertices defined as the weights of edges
(random distance values) [4, 24], which has been chosen as
the scope of this paper’s research on the Steiner Minimal
Tree problem.

D. Some SMT studies and problems that need to be
solved

Due to its scientific nature and wide applicability, SMT
problems have attracted the attention of many scientists in
the world for decades [27, 35, 44]. Some of them are Martin
Zachariasen [21], Tobias Polzin [37], Pieter Oloff De Wet
[26], Xinhui Wang [40], Jon William Van Laarhoven [17],
and Zhiliu Zhang [45].

Currently, the publications on SMT problems can be
divided into the following approaches: graph reduction
algorithms, algorithms to find the exact solution, algorithms
to find approximate solutions, heuristic algorithms, and
metaheuristic algorithms.

The first approach: graph reduction algorithms
There are some works on graph reduction for Steiner Tree

problems regarding the techniques to minimize the graph
size such as the works of Jeffrey H. Kingston and Nicholas
Paul Sheppard [16], Thorsten Koch and Alexander Martin
[36], C. C. Ribeiro and M.C. Souza [5], etc.

The general concept of graph reduction algorithms is
aimed at two goals. The first one is to increase the number
of vertices in the terminal set; the second one is to remove
vertices of the graph that are certainly not on the Steiner
Minimal Tree that has been sought.

The quality of algorithms solving the SMT problems
depends on the size of the coefficient 𝑛 − |𝐿 |. Therefore,
the purpose of graph reduction algorithms is to minimize
the coefficient 𝑛 − |𝐿 |.

The graph reduction algorithms are considered an im-
portant data preprocessing step to improve the quality of
solving SMT problems. This step has become more and
more necessary for algorithms to find the exact solutions,
such as dynamic programming or branch and bound.

The second approach: algorithms to find the exact
solution

Some studies to find the exact solution to an SMT
problem are known as the dynamic programming algorithm
of Dreyfus and Wagner [32], an algorithm based on the
Lagrange relaxation of Beasley [15], branch and bound
algorithms of Koch and Martin [36], and Xinhui Wang [40,
25].
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Although this approach can help find the exact solution,
it can only solve small-scale problems. As a result, their
utility is limited. Solving the exact SMT problem is really
a challenge in combinatorial optimization theory [22, 38].

This approach is an important basis for evaluating the
solution quality of other approximate algorithms when
solving SMT problems.

The third approach: 𝛼 - approximation algorithms.
The 𝛼 - approximation algorithm aims to find an approx-

imated solution with 𝛼 ratio to the optimal solution [3].

The advantage of this approximation algorithm is that
it is mathematically guaranteed in the sense mentioned
above. Meanwhile, its drawback is that the approximate
ratio found in practice is often much worse than the quality
of solutions found by other approximate algorithms based
on experimentation. The MST-Steiner algorithm of Bang
Ye Wu and Kun-Mao Chao has the ratio of 2 [3], while the
Zelikovsky-Steiner algorithm has the ratio of 11/6 [3]; The
best ratio found for the SMT problem is currently 1.39 [7,
29, 30, 34].

The fourth approach: heuristic algorithms
The heuristic algorithm is the specific experience of

finding a solution to a particular optimization problem.
The heuristic algorithm often finds an acceptable solution
in the time allowed, but is uncertain whether it is the
exact solution. Heuristic algorithms are also unlikely to be
effective on all types of data for a particular problem.

The typical heuristic algorithms for SMT problems are
SPH [5], Heu [36], distance network heuristic of Kou, and
Markowsky and Berman [19].

The fifth approach: metaheuristic algorithms
The metaheuristic algorithm uses several heuristics com-

bined with auxiliary techniques to explore the search space.
It belongs to the class of optimal search algorithms [42, 43].

There have been a lot of works using metaheuristic
algorithms to solve SMT problems such as the Variable
neighbor search algorithm, the Hill climbing search algo-
rithm, the Genetic algorithms [9], the Tabu search algorithm
[5, 39], the Parallel genetic algorithm (PGA) [1, 24], and
the Bees algorithm.

Having considered various types of approaches, the au-
thors of this paper would like to propose an improvement
for the heuristic algorithms to solve the SMT problem in
the case of large sparse graphs, giving an acceptable quality
of the solution and a faster running time than other known
heuristic algorithms. When applied to real-world problems,
this proposed method is more meaningful.

E. Experimental data system

Definition 4: Sparse graphs

According to the conventional definition (at the URL:
https://www.baeldung.com/cs/graphs-sparse-vs-dense), a
simple graph with 𝑛 vertices is a sparse graph with no
more than 𝑛(𝑛 − 1)/4 edges.

To experiment with related algorithms, most of the works
use 78 datasets which are sparse graphs in the standard
experimental data system for the Steiner tree problem (at the
URL: http://people.brunel.ac.uk/∼mastjjb/jeb/orlib/steininfo.html [14])
which contain the following information about graph
groups:

Steinb graphs have 50 to 100 vertices, and 63 to 200
edges; steinb contains a total of 18 graphs. Steinc graphs
have 500 vertices, and 625 to 12500 edges; steinc contains
a total of 20 graphs. Steind graphs have 1000 vertices, and
1250 to 25000 edges; steind contains a total of 20 graphs.
The steine graphs have 2500 vertices, and 3125 to 62500
edges; steine graph contains a total of 20 graphs.

TABLE I
INFORMATION ON GROUPS OF GRAPHS

Groups of graphs n m Number of tests

steinb.txt 50..100 63..200 18

steinc.txt 500 625..12500 20

steind.txt 1000 1250..25000 20

steine.txt 2500 3125..62500 20

Because the problem belongs to the NP-hard class, the
application of the SMT problem should be considered from
either the perspective of design when priority is given to the
quality of the solution, or the perspective of implementation
when run-time is referred. The purpose of this paper is to
improve the heuristic algorithms to solve the SMT problem
in the case of large sparse graphs with acceptable solution
quality and shorter running time when compared to cur-
rently available heuristic algorithms. This proposed method
is more meaningful when considering the perspective of
the implementation when applying the Steiner tree problem
to reality. Experiments with the improved algorithms were
conducted on a data system with 80 graphs ranging in size
from n to 100000 vertices.

II. HEURISTIC ALGORITHMS FOR SOLVING AN
SMT PROBLEM

This paper proposes an improvement for 2 heuristic
algorithms PD-Steiner and SPT-Steiner [4] based on the
idea combination of finding the shortest path and the
smallest spanning tree of the graph to solve SMT problems
in large size sparse graphs with an edge weight of less
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than 10. Because two heuristic algorithms SPT-Steiner,
PD-Steiner [4], and other currently known heuristics do
not solve this problem, the proposed ones are called i-
PD-Steiner and i-SPT-Steiner. The authors of this paper
conducted experiments and compared the quality of the i-
PD-Steiner algorithm and the i-SPT-Steiner algorithm with
MST-Steiner algorithm [3]. These algorithms have input
data as graph 𝐺 = (𝑉, 𝐸, 𝑤), terminal vertices set 𝐿 ⊆ 𝑉 ;
and the output is the cost of the Steiner tree 𝑇 .

A. MST-Steiner algorithm

Algorithm 1: MST-Steiner algorithm of Bang Ye
Wu and Kun-Mao Chao has the ratio of 2 [3]

1 Inputs: Graph 𝐺 = (𝑉, 𝐸, 𝑤) and a terminal set 𝐿 ⊂ 𝑉

2 Outputs: Steiner tree 𝑇

3 begin
4 Construct the metric closure 𝐺𝐿 on the terminal set

𝐿. 𝐺𝐿 is the complete graph in which each edge is
weighted by the shortest path between the nodes in
𝐺.;

5 Find a minimum spanning tree 𝑇𝐿 on 𝐺𝐿 .;
6 T ← ∅.;
7 for each edge 𝑒 = (𝑢, 𝑣) ∈ 𝐸 (𝑇𝐿) do
8 Find a shortest path 𝑃 from 𝑢 to 𝑣 on 𝐺.;
9 if 𝑃 contains less than two vertices in 𝑇 then

10 Add 𝑃 to 𝑇 ;
11 else
12 Let 𝑝𝑖 and 𝑝 𝑗 be the first and the last

vertices already in 𝑇 ;
13 Add sub-paths from 𝑢 to 𝑝𝑖 and from 𝑝 𝑗 to

𝑣 to 𝑇 ;
14 end
15 end
16 return 𝑇 ;
17 end

MST-Steiner algorithm has the complexity 𝑂 (𝑛|𝐿 |2) [3].

B. i-SPT-Steiner algorithm

Definition 5: The shortest path tree [3]

Given a graph 𝐺, Shortest Path Tree (SPT) with the
origin at vertex 𝑠 is the spanning tree of 𝐺 with a set of
edges that is on the shortest paths starting from vertex 𝑠 to
the remaining vertices of 𝐺.

The shortest path tree originating at the vertex 𝑠 of
graph 𝐺 can be found by applying Dial algorithm [28]
(a variant of Dijkstra algorithm is recommended for small
edge weights) to find the shortest path from vertex s to all
remaining vertices.

In the experimental data system of this paper, the maxi-
mum edge weight is 10. The complexity of Dial algorithm
is 𝑂 (𝑚 + 𝑛 ∗ 𝐶) [28] where 𝐶 is the maximum weighted
value of the graph.

Algorithm 2: i-SPT-Steiner (improved-Shortest
Path Tree-Steiner)

1 Inputs: Graph 𝐺 = (𝑉, 𝐸, 𝑤) and a terminal set 𝐿 ⊂ 𝑉

2 Outputs: Steiner tree 𝑇

3 begin
4 Find the shortest path trees starting at the vertices of

the set 𝑉 : 𝑆𝑃𝑇1, 𝑆𝑃𝑇2, . . . , 𝑆𝑃𝑇|𝑣 | , each 𝑆𝑃𝑇𝑖 only
need to find the shortest path tree containing all
vertices 𝑣 ∈ 𝐿 (In this step, use Dial algorithm [28]
to find the shortest paths instead of using the
Dijkstra algorithm as in SPT-Steiner heuristic [4]).;

5 For each tree 𝑇 = 𝑆𝑃𝑇𝑖 , traversal pendants 𝑢 ∈ 𝑉 (𝑇),
if 𝑢 ∉ 𝐿 and 𝑢 is a pendant vertex, delete the edge
containing 𝑢 from 𝐸 (𝑇), delete vertex 𝑢 in 𝑉 (𝑇)
and update the degree of the vertex adjacent to the
vertex 𝑢 in 𝑇 . Repeat this step until 𝑇 no longer
changes (this step is called deleting redundant edges
- the edge contains a pendant vertex 𝑢); after this
step, the 𝑆𝑃𝑇𝑖′ is obtained, corresponding to 𝑆𝑃𝑇𝑖 .;

6 In the process of deleting redundant edges, the queue
is used to contain vertices. These vertices are not in
set 𝐿, and the priority is the vertex with small
degree. This technique of using the queues during
this phase minimizes the time to remove redundant
edges. ;

7 Find a 𝑆𝑃𝑇𝑖′ with the lowest total weight.;
8 return 𝑇 ;
9 end

The complexity for i-SPT-Steiner algorithm

Since Dial algorithm uses a queue data structure with
time complexity of 𝑂 (𝑚 + 𝑛 ∗ 𝐶) [28], step 1 has the
complexity of 𝑂 (𝑛 ∗ (𝑚 +𝑛 ∗𝐶)), step 2 has the complexity
of 𝑂 (𝑛2), and step 3 has the complexity of 𝑂 (𝑛). As a
result, the i-SPT-Steiner algorithm has time complexity of
𝑂 (𝑛 ∗ (𝑚 + 𝑛 ∗ 𝐶)).

Comparing with the SPT-Steiner algorithm [4], each
shortest path tree must traverse through all the vertices of
the set 𝑉 , so the SPT-Steiner algorithm has a much longer
running time. However, these have been improved in the
i-SPT-Steiner algorithm.

In the i-SPT-Steiner algorithm, it is only required to find
the shortest path tree that contains all the vertices in the set
𝐿. This is due to the fact that the remaining vertices that
have not been traversed are definitely redundant and will be
removed when the deleting redundant edges step (in step 2)
is performed. This will help to reduce the running time of
the program (about 2 - 3 times faster with our experimental
data). Furthermore, a priority queue data structure is used
to reduce the complexity of the step of deleting redundant
edges.

Example 2: Illustration of step-by-step implementation
of the i-SPT-Steiner algorithm

Given a graph 𝐺 with 10 vertices and 15 edges as Figure
3; where set 𝐿 = {1, 5, 6}.
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Figure 3. Weighted interconnected undirected graph G

According to the definition 4 and the i-SPT-Steiner
algorithm, we construct the shortest-path trees originating
at vertices 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10. After deleting
the edges, we have Steiner trees with values of 13, 13, 13,
13, 14, 15, 19, 13, 14, and 15 respectively.

We consider Figure 3. Firstly, the shortest path tree rooted
at vertex 1 need to be found; as shown in Figure 4. Next,
the excess edges (2, 7), (5, 9), (3, 10) are removed, and
a Steiner tree with a cost of 13 is obtained, as shown in
Figure 5.

Figure 4. The shortest path tree rooted at vertex 1

Figure 5. Steiner tree after redundant edges have been deleted

According to the above i-SPT-Steiner algorithm, the
found Steiner tree costs 13, as shown in Figure 5.

Algorithm 3: i-PD-Steiner (improved-Prim +
Dijkstra-Steiner)

1 Inputs: Graph 𝐺 = (𝑉, 𝐸, 𝑤) and a terminal set 𝐿 ⊂ 𝑉

2 Outputs: Steiner tree 𝑇

3 begin
4 Select a vertex 𝑢 ∈ 𝐿; set 𝑉 (𝑇) = {𝑢};
5 for each vertex 𝑣 ∈ 𝐿 do
6 Find the shortest path tree from vertex 𝑣;
7 (In this step, use Dial algorithm [28] to find the

shortest paths instead of using the Dijkstra
algorithm as in PD-Steiner heuristic [4]);

8 end
9 while 𝑇 does not contain all vertices in the set 𝐿 do

10 From each vertex 𝑣 ∈ 𝐿 and 𝑣 is not already in
𝑇 , select the shortest path P from vertex 𝑣 to
vertex 𝑧 ∈ 𝑇 , with 𝑧 as the vertex of the shortest
path of all paths starting from vertex 𝑣 to
vertices of 𝑉 (𝑇);

11 Add vertices and edges on path 𝑃 to tree 𝑇 and
ignore the vertices and edges already in 𝑇 ;

12 end
13 return 𝑇 ;
14 end

C. i-PD-Steiner algorithm

The complexity for i-PD-Steiner algorithm

Line 1 has the complexity of 𝑂 (1);

Line 3 Due to using the Dial algorithm to find the
shortest path tree, the complexity is 𝑂 (𝑚+𝑛∗𝐶). As a result,
the loop in line 2 has complexity of 𝑂 ( |𝐿 | ∗ (𝑚 + 𝑛 ∗ 𝐶)).

Line 6 has complexity of 𝑂 ( |𝐿 | ∗ |𝑇 |), so the loop in line
5 has complexity of 𝑂 ( |𝐿 |2 ∗ |𝑇 |).

Altogether, the i-PD-Steiner algorithm has time complex-
ity: 𝑂 ( |𝐿 | ∗ 𝑚𝑎𝑥(𝑚 + 𝑛 ∗ 𝐶, |𝐿 | ∗ |𝑇 |)).

Example 3: Illustration of step-by-step implementation
of the i-PD-Steiner algorithm

The consideration of Figure 3 makes an illustration of
the step-by-step implementation if i-PD-Steine algorithm is
applied. Firstly, choose 𝑉 (𝑇) = {1}, the shortest path from
vertex 5 to vertex 1 is shown in Figure 6 (vertex 5 is chosen
because it’s a vertex in 𝐿, not in 𝑉 (𝑇) which has the shortest
path to a vertex in 𝑇). The next step is to find the shortest
paths from vertex 6 to vertices 1, 2, 3, 5, and 8. The ones
found have values of 9, 8, 5, 9, and 7 respectively. After
that, the shortest path from vertex 6 to vertex 3 is selected.
The found Steiner tree is shown in Figure 7 at a cost of 13.
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Figure 6. The shortest path from vertex 5 to vertex 1

Figure 7. The shortest path from vertex 6 to vertex 3

And according to the above i-PD-Steiner algorithm, the
found Steiner tree costs 13, such as in Figure 7.

III. EXPERIMENT AND EVALUATION

A. Experimental data

Since using the heuristic algorithms to approach SMT
problems has more advantages than using the metaheuristic
algorithms for the large size graphs, at least in terms
of timing, 80 datasets are recommended. Of them, 20
test sets are sparse graphs with 10000 vertices that are
randomly generated and named steinf1.txt, steinf2.txt, ...,
steinf20.txt; 20 test sets are sparse graphs with 20000 ver-
tices that are randomly generated and named steing1.txt, ste-
ing2.txt,. . . , steing20.txt; 20 test sets are sparse graphs with
50000 vertices randomly generated and named steinh1.txt,
steinh2.txt,. . . , steinh20.txt and 20 test sets are sparse
graphs with 100000 vertices that are randomly generated
and named steini1.txt, steini2.txt,. . . , steini20.txt.

These graphs are generated first from a random spanning
tree that traverses all 𝑛 vertices of the graphs; then, the
edges are randomly generated until the graph has 𝑚 edges;
Edge weights are also randomly generated and have a
maximum value of 10.

B. Experimental environment

MST-Steiner, i-SPT-Steiner, i-PD-Steiner algorithms are
installed in C++17 using the Code::Blocks 17.12 environ-
ment and GNU GCC ver 9.3.0 compiler. They are also

tested on a virtual server running Ubuntu 20.04.1 LTS
(Focal Fossa), 64-bit, Intel (R) Xeon (R) Platinum 8160 @
2.8 GHz CPU, 16 cores, 33MB Cache, and 64GB RAM.

Compile command that has been used for the experiment:
g++ -std=c++17 –O2 -o MST_STEINER MST_STEINER.cpp
g++ -std=c++17 –O2 -o SPT_STEINER SPT_STEINER.cpp

g++ -std=c++17 –O2 -o PD_STEINER PD_STEINER.cpp

In particular, most of the data structures have been
changed so as to become more dynamic and optimal data
structures. As a result, the experiment can be tested with
large sparse graphs with up to 100000 vertices.

C. Experimental results and evaluation

The experimental results of the algorithms are recorded
in Table II, Table III, Table IV, and Table V. These tables
follow the hereafter patterns and labels. The first column
(Test) is the name of the datasets in the experimental data
system; the number of vertices (n), edges (m) and vertices
in the terminal set (|𝐿 |) of each graph. The subsequent
columns record the value of the Steiner tree cost for each
algorithm.

TABLE II
THE EXPERIMENTAL RESULT OF THE ALGORITHMS ON STEINF GRAPH

GROUP

Test n m L MST-Steiner i-SPT-Steiner i-PD-Steiner

steinf1.txt 10000 93750 10 58 49 51

steinf2.txt 10000 93750 20 97 95 94

steinf3.txt 10000 93750 834 2119 2551 2027

steinf4.txt 10000 93750 1250 2801 3532 2691

steinf5.txt 10000 93750 2500 4957 6567 4826

steinf6.txt 10000 125000 10 40 40 39

steinf7.txt 10000 125000 20 71 67 66

steinf8.txt 10000 125000 834 1961 2399 1838

steinf9.txt 10000 125000 1250 2576 3303 2444

steinf10.txt 10000 125000 2500 4282 5823 4124

steinf11.txt 10000 156250 10 35 35 35

steinf12.txt 10000 156250 20 77 74 70

steinf13.txt 10000 156250 834 1727 2199 1627

steinf14.txt 10000 156250 1250 2335 3049 2243

steinf15.txt 10000 156250 2500 3933 5398 3797

steinf16.txt 10000 187500 10 43 38 38

steinf17.txt 10000 187500 20 75 69 66

steinf18.txt 10000 187500 834 1597 2050 1513

steinf19.txt 10000 187500 1250 2244 2910 2153

steinf20.txt 10000 187500 2500 3764 5122 3624

Evaluating 20 datasets on steinf group displayed in Table
II leads to certain comparative values in terms of quality.
i-PD-Steiner algorithm gives better solution quality, equiv-
alent, less than MST-Steiner algorithm with the percentages
of 95.0%, 5.0%, and 0.0%; i-SPT-Steiner algorithm gives
better solution quality, equivalent, less than MST-Steiner
algorithm with the percentages of 30.0%, 10.0%, and
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60.0%; and i-PD-Steiner algorithm gives better solution
quality, equivalent, less than i-SPT-Steiner algorithm with
the percentages of 85.0%, 10.0% and 5.0%.

The comparison of algorithms on steinf datasets are
illustrated by the chart as shown in Figure 8.

Figure 8. The comparison of algorithms on steinf datasets

TABLE III
THE EXPERIMENTAL RESULT OF THE ALGORITHMS ON STEING GRAPH

GROUP

Test n m L MST-Steiner i-SPT-Steiner i-PD-Steiner

steing1.txt 20000 215000 15 79 75 75

steing2.txt 20000 215000 25 110 102 105

steing3.txt 20000 215000 950 2426 3081 2348

steing4.txt 20000 215000 1750 4039 5085 3838

steing5.txt 20000 215000 3780 7318 9689 7099

steing6.txt 20000 275000 15 71 66 64

steing7.txt 20000 275000 25 112 111 100

steing8.txt 20000 275000 950 2245 2830 2129

steing9.txt 20000 275000 1750 3643 4709 3489

steing10.txt 20000 275000 3780 6511 8773 6319

steing11.txt 20000 385000 15 65 60 59

steing12.txt 20000 385000 25 98 94 90

steing13.txt 20000 385000 950 2041 2577 1919

steing14.txt 20000 385000 1750 3211 4253 3081

steing15.txt 20000 385000 3780 5788 7981 5641

steing16.txt 20000 447500 15 61 55 54

steing17.txt 20000 447500 25 95 93 87

steing18.txt 20000 447500 950 1954 2485 1845

steing19.txt 20000 447500 1750 3079 4063 2970

steing20.txt 20000 447500 3780 5534 7647 5380

Evaluating 20 datasets on steing group displayed in Table
III leads to certain comparative values in terms of quality.
i-PD-Steiner algorithm gives better solution quality, equiv-
alent, less than MST-Steiner algorithm with the percentages
of 100.0%, 0.0%, and 0.0%; i-SPT-Steiner algorithm gives
better solution quality, equivalent, less than MST-Steiner
algorithm with the percentages of 40.0%, 0.0%, and 60.0%;
and i-PD-Steiner algorithm gives better solution quality,
equivalent, less than i-SPT-Steiner algorithm with the per-
centages of 90.0%, 5.0% and 5.0%.

The comparison of algorithms on steing datasets are
illustrated by the chart as shown in Figure 9.

Figure 9. The comparison of algorithms on steing datasets

TABLE IV
THE EXPERIMENTAL RESULT OF THE ALGORITHMS ON STEINH GRAPH

GROUP

Test n m L MST-Steiner i-SPT-Steiner i-PD-Steiner

steinh1.txt 50000 425000 15 76 71 71

steinh2.txt 50000 425000 25 129 116 118

steinh3.txt 50000 425000 950 2707 3296 2587

steinh4.txt 50000 425000 1750 4344 5466 4125

steinh5.txt 50000 425000 3780 7947 10348 7563

steinh6.txt 50000 475000 15 71 70 66

steinh7.txt 50000 475000 25 99 105 96

steinh8.txt 50000 475000 950 2531 3129 2402

steinh9.txt 50000 475000 1750 4198 5299 3951

steinh10.txt 50000 475000 3780 7718 10099 7336

steinh11.txt 50000 528000 15 80 72 74

steinh12.txt 50000 528000 25 112 110 106

steinh13.txt 50000 528000 950 2498 3082 2378

steinh14.txt 50000 528000 1750 4026 5132 3784

steinh15.txt 50000 528000 3780 7275 9702 6939

steinh16.txt 50000 587500 15 70 67 63

steinh17.txt 50000 587500 25 123 109 109

steinh18.txt 50000 587500 950 2408 2962 2262

steinh19.txt 50000 587500 1750 3886 4987 3643

steinh20.txt 50000 587500 3780 7127 9489 6797

Evaluating 20 datasets on steinh group displayed in Table
IV leads to certain comparative values in terms of quality.
i-PD-Steiner algorithm gives better solution quality, equiv-
alent, less than MST-Steiner algorithm with the percentages
of 100.0%, 0.0%, and 0.0%; i-SPT-Steiner algorithm gives
better solution quality, equivalent, less than MST-Steiner
algorithm with the percentages of 35.0%, 0.0%, and 65.0%;
and i-PD-Steiner algorithm gives better solution quality,
equivalent, less than i-SPT-Steiner algorithm with the per-
centages of 80.0%, 10.0% and 10.0%.

The comparison of the algorithms on steinh datasets are
illustrated by the chart as shown in Figure 10.

Figure 10. The comparison of algorithms on steinh datasets
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TABLE V
THE EXPERIMENTAL RESULT OF THE ALGORITHMS ON STEINI GRAPH

GROUP

Test n m L MST-Steiner i-SPT-Steiner i-PD-Steiner

steini1.txt 100000 125000 25 188 190 180

steini2.txt 100000 125000 45 369 364 358

steini3.txt 100000 125000 1250 6390 6677 6363

steini4.txt 100000 125000 2450 12209 12810 12178

steini5.txt 100000 125000 4500 21754 22868 21664

steini6.txt 100000 200000 25 148 144 142

steini7.txt 100000 200000 45 264 273 253

steini8.txt 100000 200000 1250 4978 5510 4902

steini9.txt 100000 200000 2450 9066 10376 8969

steini10.txt 100000 200000 4500 15126 17456 14879

steini11.txt 100000 500000 25 111 110 104

steini12.txt 100000 500000 45 184 191 173

steini13.txt 100000 500000 1250 3133 3849 2974

steini14.txt 100000 500000 2450 5487 6889 5207

steini15.txt 100000 500000 4500 8951 11629 8532

steini16.txt 100000 2500000 25 66 72 66

steini17.txt 100000 2500000 45 120 128 111

steini18.txt 100000 2500000 1250 2031 2556 1951

steini19.txt 100000 2500000 2450 3366 4529 3268

steini20.txt 100000 2500000 4500 5167 7591 5118

Evaluating 20 datasets on steini group displayed in Table
V leads to certain comparative values in terms of quality.
i-PD-Steiner algorithm gives better solution quality, equiv-
alent, less than MST-Steiner algorithm with the percentages
of 95.0%, 5.0%, and 0.0%; i-SPT-Steiner algorithm gives
better solution quality, equivalent, less than MST-Steiner
algorithm with the percentages of 15.0%, 0.0%, and 85.0%;
and i-PD-Steiner algorithm gives better solution quality,
equivalent, less than i-SPT-Steiner algorithm with the per-
centages of 100.0%, 0.0% and 0.0%.

The comparison of the algorithms on steini datasets are
illustrated by the chart as shown in Figure 11.

Figure 11. The comparison of algorithms on steini datasets

D. Evaluation of experimental results

Evaluating 80 datasets leads to certain comparative
values in terms of quality. i-PD-Steiner algorithm gives
better solution quality, equivalent, less than MST-Steiner
algorithm with the percentages of 97.5%, 2.5%, and 0.0%;
i-SPT-Steiner algorithm gives better solution quality, equiv-
alent, less than MST-Steiner algorithm with the percentages

of 30.0%, 2.5%, and 67.5%; and i-PD-Steiner algorithm
gives better solution quality, equivalent, less than i-SPT-
Steiner algorithm with the percentages of 88.75%, 6.25%
and 5.0%. We noted the average run time of three al-
gorithms i-PD-Steiner, MST-Steiner and i-SPT-Steiner on
datasets as shown in Table VI.

TABLE VI
AVERAGE RUNNING TIME OF ALGORITHMS (UNIT IN SECONDS)

Groups of graphs i-PD-Steiner MST-Steiner i-SPT-Steiner

steinf.txt 83,758 137,538 928,68

steing.txt 280,356 421,402 2374,775

steinh.txt 416,057 766,585 30416,253

steini.txt 1243,415 1561,921 93943,235

In other words, i-PD-Steiner algorithm has a much faster
runtime than the MST-Steiner and i-SPT-Steiner algorithms.
The runtime depends on not only the time complexity of
the algorithm but also the experimental environment. Be-
sides, the information about the runtime of the algorithms
displayed above also provides reliable reference information
about these algorithms (The queue data structure has been
chosen to install the above algorithms).

The comparison of i-PD-Steiner, i-SPT-Steiner, and
MST-Steiner algorithms on a total of 80 datasets are il-
lustrated by the chart as shown in Figure 12.

Figure 12. The comparison of the algorithms on 80 datasets

IV. CONCLUSION

The authors of this paper proposed the improvement to
the heuristic algorithms SPT-Steiner and PD-Steiner [4]
to solve the SMT problem in large size sparse graphs
with edge weight not exceeding 10. Experiments were set
up and evaluation was made in details on 80 datasets of
sparse graphs with large sizes up to 100000 vertices. i-PD-
Steiner algorithm gives better quality solution or equivalent
MST-Steiner algorithm on 100.0% datasets. i-SPT-Steiner
algorithm gives better quality solution or equivalent MST-
Steiner algorithm on 32.5% datasets. i-PD-Steiner algo-
rithm gives better quality solution or equivalent i-SPT-
Steiner algorithm above 95.0% of the data. The runtime of
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the i-PD-Steiner algorithm is much shorter than the one of
the i-SPT-Steiner algorithm. The two heuristic algorithms
i-SPT-Steiner and i-PD-Steiner as well as the experimental
results in this paper are useful information for further
studies on the SMT problem, especially for solving the SMT
problems in the case of large sparse graphs.
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Abstract: Medical image processing and analysis are critical
for assisting physicians with non-invasive clinical diagnoses.
Understanding medical imaging techniques enables you to
tackle corresponding medical image processing methodolog-
ically. Each imaging technique has distinct properties and
produces images of various body regions. Medical image
segmentation is crucial to improving treatment accuracy and
assisting doctors’ diagnosis conclusion. This article discusses
medical imaging techniques and approaches to medical image
segmentation.

Keywords: Medical images, medical image processing, medical
image segmentation.

I. INTRODUCTION

Medical images are created using specialized techniques
and processes to depict information about the human body
(or specific parts of the body) for various clinical purposes,
including medical procedures, diagnostics, medical science.
It is a subset of bioimaging and address radiology, en-
doscopy, thermography, medical imaging, and microscopy
in a larger sense. For example, recording techniques such
as electroencephalography (EEG) and magnetoencephalog-
raphy (MEG) are designed to measure functional and effec-
tive brain connectivity. Applied studies and interpretation
of medical images frequently focus on assessing pathology
in the medical sciences (neuroscience, cardiology, psychi-
atry, and psychology) using comparable medical images.
Numerous medical imaging systems have been created
for scientific purposes and recently expanded to industry.
Although mathematics was widely utilized for image pro-
cessing, it had little impact on the biomedical area until the
introduction of computed tomography (CT) for radiology,
resulting in computer-aided tomography (CAT) procedures.
Subsequently, isotope-emission tomography was created,
allowing the development of positron emission tomogra-
phy (PET) scan and single-photon emission tomography
(SPECT) scan. Magnetic Resonance Imaging (MRI) has

grown in popularity in recent decades, outpacing other
imaging techniques [1].

Numerous studies have been researched for ultrasound,
EEG applications, and novel optical imaging techniques,
apart from these well-established approaches. While medi-
cal images are similar in appearance, the technology utilized
to create them and their parameters are relatively different.
This distinction is described in their features and usefulness
in medicine. Numerous approaches have been developed to
enable the physician to generate 3D images from CT, MRI,
and ultrasound scanning software. Typically, a single CT
or MRI scan results in a two-dimensional image on film.
Repetition of the preceding steps results in creating a three-
dimensional image [2].

Medical imaging is a subset of biological imaging, which
has been developed since the 19th century. The following
is a brief summary of medical imaging:

• In 1895, Roentgen accidentally discovered X-rays [3].
Conventional radiography is by far the most common
medical imaging technique in science. Radionuclides
have been employed for therapeutic and metabolic
tracer research rather than imaging since 1896, leading
to the invention of the linear 𝛾-ray image scanner.

• Sonar technology was employed during World War II,
and in 1970, ultrasonography became widely available
in medicine. A brief history of ultrasound is mentioned
explicitly in another document [4].

• In the twentieth century, mathematical expertise for
tomographic reconstruction was established, as well
as positron emission tomography (PET) and computed
tomography (CT) techniques [5]. In magnetic reso-
nance imaging, nuclear magnetic resonance has been
employed for imaging (MRI).

• New types of X-ray, MRI, and ultrasound images
are being produced in the twenty-first century, par-
ticularly those that comprise microscopy and macro-
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scopic biological structures (thermal imaging, electri-
cal impedance tomography, and probe scanning tech-
nique).

Medical images assist doctors in gaining additional in-
formation about a patient to make a more accurate di-
agnosis. Physicians appraise their patients based on their
skills and experience. However, as the number of patients
increases, the examination puts the doctor under increased
pressure, and errors might arise. As a result, medical
image segmentation enables physicians to save time on
manual image analysis while minimizing potential errors.
Physicians can save time when they employ scientific
and technical solutions to patients for other medical du-
ties. Medical images range from the simplest, such as a
chest X-ray, to the most complicated, such as functional
magnetic resonance imaging (fMRI). We have witnessed
the phenomenal growth of new, powerful technology for
detecting, storing, transmitting, analyzing, and displaying
digital medical images over the last several decades. These
techniques enable quantitative measurements to be made by
biochemists, biologists, medical scientists, and physicists,
thereby facilitating the validation of scientific hypotheses
and medical diagnoses. The gathering of functional and
metabolic data and structural data from medical images
will be enhanced in the future. This approach can be ac-
complished using photon emission tomography (PET) and
magnetic resonance spectroscopy [6]. Although computer-
based medical image processing has been developed re-
markably, it is challenging for computers to replace doctors
completely. Therefore, the current solution is to develop
technology to assist doctors in diagnosing and assessing
patients’ health. More precisely, medical image segmenta-
tion enables physicians to concentrate on areas of interest
when making decisions. Additionally, image segmentation
ensures the path for future technologies and increases the
valuable content of diagnostic images.

II. MEDICAL IMAGE PROCESSING MODEL

Medical image analysis and interpretation are simplified
using a three-level processing architecture, as seen in Figure
1. The system’s first stage is image generation. Numerous
imaging modes were discussed previously, including X-
rays and SPECT. The image processing process is divided
into low-level and high-level processing stages. Filtering,
image augmentation, segmentation, and feature extraction
are essential for further analysis. At this level of raw pixels
processing, the most critical tasks are tumor identification
and disease diagnosis.

The following five steps describe the fundamental pro-
cedures of image processing:

Figure 1. A model of medical imaging diagnostic system [7]

(i) Preprocessing aids in the visualization of low-
resolution object boundaries. The most often used
techniques are image registration, image transforma-
tion, filtering, and Laplace operators.

(ii) Filtering: Filtering includes enhancement, sharpening,
and edge detection. Enhancement techniques include
linear or nonlinear, local or global, or wavelet-based
filters. Typical sharpening techniques are inversely or
Weiner filters. Edge detection techniques include Haar
transform, local operators, prediction, and/or classifi-
cation methods.

(iii) Segmentation: Segmentation can be both region-based
and boundary-based. There are different types of seg-
mentation algorithms, including region-based classical
algorithms, clustering algorithms, and line and arc
detectors. An important issue in medical imaging is
that it is possible to perform segmentation for vari-
ous domains using bottom-up generalization methods
without requiring special domain knowledge.

(iv) Shape modeling: Shape modeling is carried out using
characteristics that can be employed independently or
in conjunction with dimensional data. It is occasionally
necessary to characterize the shape of an object in
greater detail than is offered by a single but condensed
characteristic reflected in the object image. In these
cases, the shape descriptor expresses an object’s shape
in a more concise manner.

(v) Classification: Classification is based on feature selec-
tion, texture features, and decisions regarding feature
classes. Each abnormality or disease is recognized
as belonging to a specific group, and recognition is
performed as a classification process.

III. MEDICAL IMAGING TECHNIQUES

Most medical imaging techniques are non-invasive. There
are four types of medical images made from: (1) X-rays,

54



Vol. 2022, No. 1, March

(2) 𝛾-rays, (3) ultrasonic echoes, (4) induced magnetic
resonance (MR), and (5) microscopic images. Normally
images of types (3) and (4) are combined as described in
Table1 I

TABLE I
MEDICAL IMAGE APPLICATION

Techniques Inspected body parts/organs

X-ray Chest, lungs, bones

𝛾-ray Brain, internal organs, cardiac function

MR
Soft tissue, brain, fetus, pathological changes,

internal organs

Microscopic

images
Blood cells, bacteria

The conventional way of creating medical images is
depicted in Figure 2. Ionizing radiation is seen in Figure
2.a and 2.b. Projection radiography and tomography are
based on the passage of X-rays through the body and the
selective attenuation of these rays by the body’s tissues to
generate images. The magnetic resonance effect, depicted
in Figure 2.c, is caused by the nuclear magnetic resonance
features. This indicates that protons gravitate toward the
magnetic field. Selective stimulation of areas within the
body can cause these protons to rotate in the opposite
direction of the magnetic field, as illustrated in Figure 2.d,
an ultrasound image created using high-frequency sound
waves transmitted into the body and sound.

Figure 2. Medical imaging modalities: (a) X-ray images, (b) radionuclide
images, (c) MR, and (d) ultrasound

1. Ionizing radiation images

W.C. Roentgen discovered X-ray in 1895, and it is the
most extensively used type of medical imaging. For medical
imaging, X-rays are a type of ionizing radiation with an
energy range of 25 keV to 500 keV. An X-ray tube in

a traditional radiography system produces a short pulse
of X-rays that go through the human body. Non-absorbed
or scattered X-ray photons reach the large area detector,
which forms an image on the film, as illustrated in Figure
3. Energy loss as a function of the linear attenuation
coefficient distribution in the body using a spatial model,
Equation (1) captures this matter and energy dependent
impact.

𝐼𝑑 =

∫ 𝐸𝑚𝑎𝑥

0
𝑆0 (𝐸)𝐸𝑒 [−

∫ 𝑑

0 𝜇 (𝑠;𝐸 )𝑑𝑠) ]𝑑𝐸 (1)

where 𝑆0 (𝐸) is the X-ray spectrum and 𝜇(𝑠; 𝐸) is a
function that describes the linear attenuation coefficient
along the line between the source and the detector. S is
the distance from the origin and d is the distance from
the source to the detector. Image quality is affected by
both noise resulting from the random nature of the X-
rays or the transmission process as in Figure 3. Computed

Figure 3. Chest X-ray image

tomography (CT), established by Hounsfield in 1972, is
another common imaging technique that eliminates the
effects of tissue overlap that obstruct an accurate diagnosis.
CT collects X-ray projections around the patient, which can
be seen as a series of X-rays obtained as the patient rotates
gently around an axis. The films depict 2-D projections of
the 3-D body from various viewpoints. A transverse line
in the video represents a 1-D perspective of a 2-D axial
cross-section of the body, represented by a collection of
horizontal lines at the same height. The Radon transform
[8] was used to reconstruct two-dimensional cross-sectional
slices of the object using projection data. The Radon
transform [8] is an integral transformation established by J.
Radon in 1917. This transformation gathers 1-D projections
of a 2-D object from various angles and reconstructs them
using back propagation. The reconstruction is based on the
Fourier slice theorem, which claims that a projection’s 1-
D Fourier transform is a slice of the object’s 2-D Fourier
transform as presented in Figure 4.
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Figure 4. Visualize for projection-slice theorem

The basic imaging equation is similar to traditional
radiography, except for a set of projections employed in
cross-sectional image reconstruction as Equation (2).

𝐼𝑑 = 𝐼0𝑒
[−

∫ 𝑑

0 𝜇 (𝑠;𝐸̄ )𝑑𝑠) ]𝑑𝐸 (2)

where, 𝐼0 is the standard intensity, and (̄𝐸) is the effective
energy is E. CT has several advantages over projection
radiography: (1) it eliminates the superimposition of images
of structures outside the area of interest, (2) it provides high
contrast resolution, allowing differences to be observed,
and (3) as a tomographic and potentially three-dimensional
approach for analyzing isolated cross-sectional visual slices
of the body, to distinguish between tissues with less than
1% physical density. CT scans are a valuable complement
to medical imaging since they provide more information
than X-rays or ultrasound. Figure 5 5 shows how CT
is used to diagnose cerebrovascular illnesses, acute and
chronic alterations in the lung parenchyma, and the com-
prehensive diagnosis of the abdominal and pelvic organs.
Nuclear medicine was first practiced in the late 1930s, and
several operations involved radioactive materials. The use
of radioactive iodine for the treatment of thyroid illness is
known as initiation. Nuclear medicine imaging, like X-ray
imaging, has progressed from projection to tomographic
imaging. Nuclear medicine uses ionizing radiation and
imaging techniques similar to radiography, but it focuses on
physiological function rather than anatomy. Radiotherapy
equipment, on the other hand, is used in nuclear medicine
to receive rays from a radioactive source that is injected
into the body. Distinct radiations perform different tasks and
provide different information in nuclear medicine. In other
words, different radiography technologies can visualize a
wide spectrum of physiological and metabolic activities.
A camera (external imaging device) records the patient’s
radiation and converts it into a flat, 2-D, or cross-sectional
images. Nuclear medicine is a branch of medicine that
deals with clinical diagnosis and treatment. It has many
applications, including tumor diagnosis and treatment, acute
care, cardiovascular, neurological, gastrointestinal, and re-

Figure 5. Visualization of the projection slice theorem.

nal problems. The three primary imaging modalities in
nuclear medicine are divided into two main areas based on
radiopharmaceutical decay: (1) planar imaging and single-
photon emission tomography (SPECT), which uses gamma-
emitting as a radiotherapy machine, and (2) positron emis-
sion tomography (PET), which uses positrons as an X-ray
machine. An anger imaging camera creates a projection
image, also known as a planar scan. Equation (3) – the basic
image equation – has two crucial components: functioning
as the desired parameter and attenuation as an undesired
but essential addition.

𝜙(𝑥, 𝑦) =
∫ 0

∞

𝐴(𝑥, 𝑦, 𝑧)
4𝜋𝑧2 𝑒 [−

∫ 𝑑

0 𝜇 (𝑥,𝑦,𝑧′ ,𝐸 )𝑑𝑧′ ]𝑑𝑧 (3)

where A(x, y, z) represents the activity in the body and E
is the energy of the photon. Image quality is largely de-
termined by the resolution of the camera, and noise comes
from system sensitivity, injected activity, and acquisition
time.

On the other hand, SPECT collects detection data from
several angles using an Anger camera. Single-photon emis-
sion is monitored with a gamma camera system and uses
nuclei that decay by emitting a single photon. The acquired
data is rebuilt using a image to form a 3-D dataset or thin
(two-dimensional) slices in SPECT. This imaging technique
can be thought of as a series of projections, each of which
is a homogenous planar view. We must remember that if
x and y are linear coordinates in the plane, then the plane
line is expressed as Equation (4).

𝐿 (𝑙, 𝜃) = {(𝑥, 𝑦) |𝑥 cos 𝜃 + 𝑦 sin 𝜃 = 𝑙} (4)
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where 𝑙 is the lateral position of the line segment and 𝜃

is the angle of the one unit normal to the line segment,
Figure 6. With the parameterize coordinates according to
Equation (5), the integral f(x,y) is calculated according to
the Equation (6. {

𝑥(𝑠) = 𝑙 cos 𝜃 − 𝑠 sin 𝜃
𝑦(𝑠) = 𝑙 sin 𝜃 + 𝑠 cos 𝜃 (5)

𝑔(𝑙, 𝜃) =
∫ ∞

−∞
𝑓 (𝑥(𝑠), 𝑦(𝑠))𝑑𝑠 (6)

Figure 6. Geometric representation of lines and projections.

For a fixed angle 𝜃, 𝑔(𝑙, 𝜃) is a projection, while for all
𝑙 and 𝜃, it is called a 2-D Radon transformation of 𝑓 (𝑥, 𝑦).
The image equation for SPECT is given as Equation (7).

𝜙(𝑙, 𝜃) =
∫ ∞

−∞
𝐴(𝑥(𝑠), 𝑦(𝑠))𝑑𝑠 (7)

where 𝐴(𝑥(𝑠), 𝑦(𝑠)) represents the inverse 2-D Radon
transformation of (𝑙, 𝜃) and describes the radioactivity
inside 3-D objects. As a result, there is no closed-form
solution for attenuation correction in SPECT. SPECT is
a significant imaging technology for obtaining functional
images of organs because it provides accurate placement in
3-D space. Figure 7 shows a critical application in cardiac
and brain function imaging.

PET is a special technique that has no similarities
with other imaging modalities. PET radionuclides release
positrons rather than x-rays. The positrons are the anti-
electrons, and their locations are determined and measured.
The reconstruction is built using the back-projection ap-
proach. PET imaging equations are identical to SPECT
imaging equations with one exception: the integration limit
for the attenuation component is extended over the entire

Figure 7. Brain imaging with SPECT.

body due to the simultaneous detection of paired 𝛾-rays,
referred to as the canceling photon as Equation (8).

𝜙(𝑙, 𝜃) = 𝐾
∫ ∞

−∞
𝐴(𝑥(𝑠), 𝑦(𝑠))𝑑𝑠 (8)

where K is a constant that accounts for the influence
of constant factors such as detector area and efficiency
𝜙. Both SPECT and PET have image quality limitations
due to resolution, scattering, and noise. PET is widely
used in oncology, neurology, and psychiatry. A significant
part focuses on neurological illnesses such as Alzheimer’s
disease, dementia, and epilepsy.

2. Magnetic resonance images

Magnetic resonance imaging (MRI) is a non-invasive
imaging technique that produces images of the interior
of the body. Over the last three decades, this technique
has developed into a critical bio imaging modality in
medicine. Nuclear medicine and MR imaging both provide
information on pathological and physiological changes in
bodily tissues, as well as structural details about organs.
The magnetic resonance signal is generated by the nuclear
magnetism of hydrogen atoms found in the body’s fat and
water and is based on the basic basis of nuclear magnetic
resonance (NMR). NMR is associated with the electric
charge and angular moment that particular nuclei possess.
The nucleus possesses a positive charge and, when the
atomic or mass number is odd, an angular momentum
𝜙. Rotating these nuclei activates NMR. A tiny magnetic
field should also be present around each revolving nucleus.
When a magnetic field is applied externally, the direction
of rotation tends to match the magnetic field. This is
referred to as nuclear magnetism. Consider a particular
rotating system (hydrogen atom) in a sample in the MR
images. The term "sample" refers to a small piece of
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tissue – a voxel. The rotation system becomes magnetized
when a static magnetic field 𝐵0 is applied and can be
described using a bulk magnetization vector 𝑀 . 𝑀 will
attain equilibrium 𝑀0 in the undisturbed state, but parallel
to the direction of 𝐵0, Figure 9a. The critical point is
that 𝑀 (𝑟, 𝑡) is a function of time and that external radio
frequency excitations and magnetic fields can be used to
modify the three-dimensional coordinate r in space. The
value of an MR image at a specific voxel is determined by
two critical factors: tissue characteristics and the imaging
methodology used by the scanner. The T1 and T2 relaxation
parameters and the proton density are the most important
tissue features. The term "proton density" refers to the
number of target nuclei per unit volume. The scanner’s
software and hardware manage the temporal and spatial M
magnetization vectors based on the pulse sequence. The
equation of motion of 𝑀 (𝑡) with respect to time 𝑡 is based
on the Bloch equation and the resonant frequency 𝜔0 or the
Larmor frequency. 𝑀 (𝑡) is composed of two components:

• The vertical magnetization is given by 𝑀𝑧 (𝑡), with the
𝑧 component of 𝑀 (𝑡).

• 𝑀𝑥𝑦 (𝑡) is a complex quantity composed of two orthog-
onal components, Equation (9). The complex number
𝑀𝑥𝑦 , referred to as the phase angle 𝜙, which is
determined using the Equation (10).

𝑀𝑥𝑦 (𝑡) = 𝑀𝑥 (𝑡) + 𝑗𝑀𝑦 (𝑡) (9)

𝜙 = 𝑡𝑎𝑛−1
(
𝑀𝑥

𝑀𝑦

)
(10)

A moment is generated when an external time-varying
magnetic field 𝐵(𝑡) is applied because 𝑀 (𝑡) is a magnetic
moment. 𝐵(𝑡) = 𝐵0 if the field is static and parallel
to the z-axis. It rotates if the magnetization vector M is
initially pointed away from 𝐵0. RF signals can also be
used to stimulate rotating systems. This RF stimulation
is accomplished by applying 𝐵1 at the Larmor frequency
rather than maintaining it constantly, so tracking the po-
sition of 𝑀 (𝑡). This value, however, is not permanent,
and we shall demonstrate two distinct ways for reducing
motion and obliterating the received signal: longitudinal
and transverse stretch. 𝑀 (𝑡) is pushed downward by an
angle with respect to the plane due to RF stimulation with
𝐵1 is perpendicular to the y-axis. For 𝛼 = 0, we have
𝑀𝑧 + 0 and the magnetization vector rotates in the xy-
plane with a frequency equal to the Larmor frequency. The
pulse 𝐵1 required for an angle 𝛼 = 𝜋/2 is called pulse
90. The magnetization vector returns to its equilibrium and
the dilation process is described by Equation (11) and will
depend on the relaxation time according to vertically or in
vertical rotation (T1), Figure 8.

𝑀𝑧 (𝑡) = 𝑀0

[
1 − 𝑒−

𝑡
𝑇1

]
(11)

Figure 8. Magnetization vector M processed along the z-axis.

Horizontal stretching, also known as rotation-rotation,
is the result of perturbations generated by other rotations
when their phase is altered in relation to other rings. As a
result of this attenuation, the reception antenna’s signal is
lost. The term "free inductive decay" refers to the received
signal (FID). Equation describes the process of horizontal
magnetization 𝑀𝑥𝑦 returning to equilibrium Equation (12).

𝑀𝑥𝑦 (𝑡) = 𝑀𝑥0𝑦0𝑒
− 𝑡

𝑇1 (12)

where 𝑇2 is the rotational dilation time. 𝑇2 is tissue-
dependent and will produce contrast in the MR image.
However, the received signal decays faster than 𝑇2. Local
noise in the static field 𝐵0 gives rise to a faster time constant
than 𝑇∗

2 where 𝑇∗
2 < 𝑇2, Figure 9b. The decay process

involving external field effects is modeled by the time
constant 𝑇

′

2. The relationship between the three horizontal
expansion constants is modeled by Equation (13).

1
𝑇∗

2
=

1
𝑇2

+ 1
𝑇

′
2

(13)

Notably, 𝑇1 and 𝑇2 are tissue-dependent, and 𝑇2 ≤ 𝑇1
for all materials. The time path of 𝑇1

𝑇2
relaxation following

the deployment of the RF pulse sequence provides critical
information. The Fourier transform translates this measur-
able time process from the time domain to the frequency
domain. The spectrum’s amplitude corresponds to the res-
onant frequency of hydrogen nucleons in water, Figure
10. Contrast across tissues can be detected if the signals
measured in those tissues are different. There are two ways
to accomplish this: using intrinsic NMR properties such
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as 𝑃𝐷 , 𝑇1 and 𝑇2 or using attributes of externally delivered
stimuli. Angle control is possible, as are sophisticated pulse
sequences such as rotation-feedback. The 900-second pulse
has a TR second repetition period followed by an 1800-
second pulse after TE seconds. This second pulse provides
an echo signal by replaying a partial rotation. The brain
scan image is shown in Figure 11. The weights indicate
that the observed difference in intensity between distinct
tissues is primarily related to the tissues’ 𝑃𝐷 , 𝑇1 and 𝑇2
values. Contrast is created using the settings listed in Table
II. MR images with pixel intensity 𝐼 (𝑥, 𝑦) generated using
the rotation-response series are defined by Equation (14).

𝐼 (𝑥, 𝑦) ∝ 𝑃𝐷 (𝑥, 𝑦) (1 − 𝑒−
𝑇𝑅
𝑇1 )𝑒−

𝑇𝐸
𝑇2 (14)

Figure 9. (a) Horizontal stretch and (b) Vertical stretch.

Figure 10. Frequency domain transformation of measured time process.
Amplitude in the spectrum is represented at the Larmor frequency.

Adjusting the 𝑇𝑅 and 𝑇𝐸 values control the sensitivity of
the signal to 𝑇1/𝑇2 dilation and produce differently weighted

Figure 11. Brain MRI presetting (a) 𝑇1, (b) 𝑇2, and (c) hydrogen density
weighted images

TABLE II
THE BASIC WAY TO CREATE CONTRAST DEPENDS ON 𝑇1, 𝑇2 AND 𝑃𝐷

Contrast Scan parameters

𝑃𝐷 Long 𝑇𝑅 , FID, or short 𝑇𝐸

𝑇2 Lonng 𝑇𝑅 , 𝑇𝐸 ≈ 𝑇2

𝑇1 FID or short 𝑇𝐸 , 𝑇𝑅 ≈ 𝑇1,

contrast images. For instance, if 𝑇𝑅 is significantly greater
than 𝑇1 for all tissues within the ROI, the 𝑇1 weights
converge to zero, indicating that signal sensitivity to 𝑇1
dilation is absent. The same holds true for 𝑇𝐸 , which is
significantly less than 𝑇2 in all tissues. When both the 𝑇1
and 𝑇2 sensitivities are decreased, the pixel density is solely
determined by the proton density 𝑃𝐷 (𝑥, 𝑦). The quality
of an MR image is determined not only by contrast but
also by sampling and noise. Magnetic resonance imaging
with multiple dimensions is a critical method in MR. A
sequence of three-dimensional magnetic resonance images
with the same ROI was captured, provided that the images
were registered correctly. This type of image enables the
differentiation of various types of tissue. Contrast agents
(CA) were utilized to correct the dilation time to further
increase the contrast between tissue types. CA is injected in-
travenously, and throughout this period, signal increase for
vascular-enhanced tissues occurs. Functional Magnetic Res-
onance Imaging (fMRI) is a novel non-invasive technique
for examining the brain’s cognitive activities [9]. The MR
signal is vulnerable to changes in hemodynamic parameters
such as blood flow, blood volume, and oxygen output during
psychomotor activity, which is the basis for this approach.
Blood Oxygenation Level-Dependent (BOLD) contrast is
the most often used fMR signal. The BOLD time response
changes when the local deoxyhemoglobin concentration
falls in a neuronal active region, as shown in the 𝑇∗

2 and 𝑇2
weighted MR images.

The hemodynamic effect is defined by two fundamental
characteristics: space and time. While the vascular system
is primarily responsible for spatial effects, temporal effects
account for the delay in detecting changes in the mag-
netic resonance signal in response to cerebral activity and
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time. Hemodynamic changes disperse more slowly. Due to
timing constraints, two distinct forms of fMR testing are
required: "block" and "event-related" designs. The block
designs are defined by an alternating sequence of 20–60
second blocks, including a test task. Multiple stimuli are
provided at random, and the hemodynamic response to each
stimulus is assessed in event-related designs. fMR with the
excellent spatial and temporal resolution is an extremely
powerful approach for visualizing the human brain’s quick
and fine activation processes as function localization is
predicated on a solid connection between neuronal activity
and MR signaling alterations. As is known from theoretical
estimations and experimental results [10], the variability of
the activated signal on clinical scans appears to be relatively
low. This variation encourages analytical techniques to as-
certain the response waveform and its related active regions.
The primary advantages of this technique are that it allows
for non-invasive recording of brain signals without the risk
of radiation exposure associated with CT, (2) excellent
spatial and temporal resolution, and (3) integration of fMR
with other techniques such as MEG and EEG for studying
the human brain. In pharmacology, fMR is a valuable
technique for determining the brain’s response to a specific
medication. Apart from therapeutic uses, the value of fMR
in comprehending neurological and mental illnesses and in
optimizing diagnostics continues to grow.

3. Ultrasound images

Since the early 1950s, ultrasound has been a leading
and extensively investigated imaging modality. It is a
noninvasive way of imaging using 1–10 MHz vibrations
passing through soft tissues and fluids. The method’s
cost-effectiveness and portability have made it immensely
popular. It is diagnostically significant because it enables
the "visualization" of pathological alterations in internal
organs and blood vessels, which aids in the identification
of cancer. Ultrasound imaging works on a fairly simple
principle: when sound waves released by the transducer
contact with tissue and blood, some of the unabsorbed
energy returns to the transducer and is measured. The
resulting "ultrasound signature" is formed when ultrasound
radiation interacts with a variety of tissue types and is then
used for diagnosis. Table 3 shows the speed of sound in
tissue as a function of tissue type, temperature, and pressure
(some examples of acoustic properties of some biological
materials and tissues). Sound waves are "seen" as a result
of scattering, absorption, or reflection. 𝐴(𝑥) = 𝐴0𝑒

−𝛼𝑥 ,
where 𝐴 is a function of amplitude, 𝐴0 is a constant,
and 𝛼 is the attenuation coefficient, and 𝑥 is the distance.
The amplitude and phase of the feedback signal contain
critical information about the interaction and the type

of interference medium. The fundamental image equation
is the inverse pulse-echo equation, which describes the
relationship between the excitation pulse, the transducer
face, the object’s reflectivity, and the received signal. In
ultrasound, we have the following image modes:

• A-mode or amplitude-mode: the simplest model in
which the envelope of the reflected pulse is shown
against time. Primarily used in ophthalmology to es-
tablish the relative distances between various eye parts
and to locate the midbrain or myocardial infarction,
figure 12.

• B mode or light mode: created by scanning the trans-
ducer beam in a plane, figure 13, and is employed
for both stationary and moving structures, such as the
heart valve.

• M mode, or motion mode: displays the A-mode signal
corresponding to repeated pulses in a distinct column
of the 2D image; this mode is typically used in con-
junction with an ECG to determine valve movement.

TABLE III
ACOUSTIC PROPERTIES OF SOME BIOLOGICAL MATERIALS AND

TISSUES

Type
Speed of sound

(m/s)

Impedance

(106kg/m2s)

Level of decline

(dB/cm at 1 MHz)

Air 344 0.0004 12

Water 1480 1.48 0.0025

Fat 1410 1.38 0.63

Tissue 1566 1.70 1.2 –3.3

Liver 1540 1.65 0.94

Bone 4080 7.80 20.0

The two basic techniques used to achieve better sensitiv-
ity of echoes along the dominant direction are:

• Beam: increase the sensitivity of the probe for a
particular direction.

• Dynamic focus: increases the probe’s sensitivity to a
particular point in space at a specific time.

4. Microscopic Images

A microscope enables the physician to view images of
cells invisible to the human eye. A microscope image was
captured during observation with the aid of a microscope,
as illustrated in Figure 14. Objects with a diameter of
fewer than 75 m cannot be identified with the naked
eye. Additionally, cells (10 m in diameter), bacteria (1
m), viruses (100 nm), molecules (2 nm), and atoms are
frequently observed under a microscope (0.3 nm) [11].

Observing a image under a microscope entails several
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Figure 12. A mmode.

Figure 13. B mmode.

processes, including adjusting the light source, finding the
specimen, and fine-tuning the focus. Locating significant
cells is a critical step in the diagnostic use of microscopy.
Chemical staining of red blood cells, white blood cells,
platelets, and parasites facilitates microscopic examination.

IV. MEDICAL IMAGE SEGMENTATION

Automating image processing and analysis procedures
is critical for clinical diagnosis and treatment planning
assistance. To identify regions of interest, consistent al-
gorithms are necessary. (Regions of Interest – ROI) and
anatomical structure. Computer-aided diagnosis is based on
precise medical imaging analysis and utilizes information
technology to produce rapid results. Segmentation is the
process of breaking down a image into regions with similar

Figure 14. Cell culture medium.

attributes, such as color, gray level, contrast, brightness,
and texture. The primary function of image segmentation
in the medical industry is to define the region of interest
(ROI), such as lesions, tumors, and any other anomalies,
investigate the anatomical structure, quantify tissue volume,
and aid in treatment planning. Automated medical image
segmentation is challenging because of inhomogeneity,
poor contrast, partial mass effect, artifacts, and relative gray
level values of various soft tissues impacting segmented
images. There is no uniform algorithm effective with all
sorts of medical images, as each imaging technique has
distinct advantages and disadvantages. Therefore, many
segmentation approaches have been developed and utilized
in medical applications, such as (i) shape-based segmen-
tation (ii) interactive segmentation, and (iii) map-based
segmentation. Segmentation techniques are further classi-
fied as follows: (i) histogram-based segmentation, region-
based segmentation, and edge-based segmentation, all of
which are based on gray-level features; and (ii) texture-
based segmentation characteristics [12].

1. Histogram-based segmentation

Histogram-based image segmentation depends mainly
on the threshold value of the histogram. This technique
is used with uniformly bright areas in the image under
consideration, where thresholding is used to segment the
ROI and the background. The threshold can have one
value or more values based on the number of ROIs in the
image [13] or an appropriate threshold according to the
characteristics of the image. Several algorithms are used to
perform threshold segmentation efficiently. Typically, the
entire image is scanned pixel by pixel to label the pixel
as an object or background based on the gray level value
compared to the threshold function (T), Algorithm 1.

Numerous improvements have been made to the fun-
damental histogram-based segmentation method, including
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Algorithm 1: Segmentation Algorithm based on
Global threshold

1 Inputs: Gray Image 𝐼 and threshold 𝑇 (from histogram of
𝐼)

2 Outputs: foreground 𝑅1 and a set of and background 𝑅2
3 begin
4 for each pixel p in the image do
5 if p > T then
6 𝑝 is assigned to set 𝑅1;
7 else
8 𝑝 is assigned to set 𝑅2
9 end

10 ;
11 end
12 Calculate 𝑚𝑒𝑎𝑛1 and 𝑚𝑒𝑎𝑛2 of 𝑅1 and 𝑅2;
13 Calculate new threshold 𝑇𝑛𝑒𝑤 =

𝑚𝑒𝑎𝑛1+𝑚𝑒𝑎𝑛2
2 ;

14 Repeat the previous step until the difference in 𝑇 is
less than the predefined threshold 𝑇0 in subsequent
iterations;

15 end

the following: adaptive histogram [14], local histogram
[15], Kapur/Otsu [16], Gaussian mixture model [17].

2. Region-based segmentation

Segmentation is the process of splitting an image into
distinct sections in order to ascertain the image’s discrete
regions directly [18], Algorithm 2.

Algorithm 2: Region-based segmentation algorithm
(Region growing algorithm)

1 Inputs: Gray Image 𝐼 and value of similarity
2 Outputs: object’s regions
3 begin
4 Iterative merge of a small region initially set based

on the similarity;
5 Select an arbitrary pixel;
6 Compare that pixel with its neighboring pixels;
7 Add similar neighbor pixels to increase the area size

from the original pixel;
8 if The growth rate of an area stops then
9 Select another original pixel that does not belong

to any region;
10 end
11 Repeat the whole process until all the pixels fit

several areas;
12 end

Subsequently, numerous studies have been conducted to
produce region-increasing algorithms with a method for
selecting initial locations that maximize efficiency, such
as evolving in the direction of regional spacing, such as
k-means [19], fuzzy c-means [20], Level Set [21], Fast
Marching [22].

3. Split and merge segmentation

Split and merge segmentation are based on the quartile
tree data descriptor, which divides the image into four
quadrants and provides heterogeneous root segmentation.
Then, the squares’ four neighbors are merged based on
their segment identities [36]. This procedure of split/merge
is repeated until no further splits/merges are possible,
Algorithm 3.

Algorithm 3: Segmentation Algorithm based on
Split and Merge regions

1 Inputs: Gray Image 𝐼, homogeneity condition and
uniformity criteria for split region or merge regions

2 Outputs: object’s regions
3 begin
4 Define uniformity criteria;
5 Divide the image into 4 quadrants;
6 if the quadrant is not uniform then
7 Divide the quadrant into 4 smaller quadrants
8 end
9 Merge two or more neighbors that satisfy the

homogeneity condition at each level;
10 Continue to split/merge until no more regions can be

split or merged;
11 end

4. Edge-based segmentation

Edge-based segmentation is a powerful segmentation
technique because edges contain a wealth of information
about the image. Edges denote the boundary between two
dissimilar regions; they have information about objects’
placement, size/shape, and texture [23]. As a result, gradi-
ents can determine pixel values that differ between locations
where the image intensity shifts from high to low or vice
versa [24]. Different methods of edge-based segmentation
include the Hough transform, contour detection, and edge
stretching [37], Algorithm 4.

Algorithm 4: Edge-based segmentation algorithm
1 Inputs: Gray Image 𝐼 and threshold 𝑇
2 Outputs: object’s regions
3 begin
4 Taking the derivative of the image to detect edges;
5 Measure gradient amplitude calculate edge strength;
6 Preserve all edges with magnitude greater than

threshold 𝑇 ;
7 Determine the dashed edges;
8 Repeat the previous two steps with different threshold

values to get closed margins;
9 end

5. Graph-based segmentation

Recently, a method for segmenting graph images using
global functions has been proposed that produces better
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TABLE IV
STUDIES APPLIED CONVENTIONAL SEGMENTATION METHODS

Ref Medical
images

Image type Segmentation method Segmentation algorithm Resut

[13] (1) Blood cell
(2) Bacteria
(3) Medium

Microscopic Histogram Threshold (1) 120
(2) 122
(3) 125

[14] (1) Retina
(2) Knee joint
(3) Brain
(4) Breast
(5) Uterus

(1) X-ray
(2) X-ray
(3) MRI
(4) X-ray
(5) X-ray

Histogram Histogram equalization
Cumulative histogram
equalization
Quadrant dynamic
histogram
equalization
Contrast limited adaptive
histogram equalization

MSE
(1) 223
(2) 280
(3) 670
(4) 902
(5) 765

[16] Chest CT Histogram Kapur/Otsu Accuracy:
97.62 %

[18] Brain MRI Region-based Probabilistic active con-
tour

DICE
90 %

[19] Brain MRI Region-based K-mean clustering Accuracy:
99.80 %

[23] Heart MRI Edge-based Threshold Proposed method and
parameters for segmen-
tation

[24] (1) Brain
(2) Chest
(3) Chest

(1) CT
(2) MRI
(3) CT

Edge-based Active contour Proof-of-concept

[25] Chest X-Ray Graph-based Minimum spanning tree Sensitivity: 88.89 %
Specificity: 95.83 %

[26] Retina Optical
tomography

Graph-based Shorted path Error:
Mean 2.17
Standard deviation 1.25
Median 1.53

[27] Brain MRI Graph-based N-cuts Qualitative comparison
with related studies

final segmentation results and fits the criteria of a wide
variety of visual applications [38], [39], Algorithm 5.

Algorithm 5: Segmenting image by N-cuts
1 Inputs: Gray Image 𝐼
2 Outputs: object’s regions
3 begin
4 Convert medical image to graph 𝐺 = (𝑉, 𝐸), calculate

edge weight and matrix 𝐷 and 𝑊 ;
5 Solve (𝐷 −𝑊)𝑦 = 𝜆𝐷𝑦 for the second smallest

eigenvalue;
6 Use eigenvectors to create eigenvalues and separate

the graphs into 2 subgraphs;
7 Decide whether to split the current partition or not.

Recursively partition the partitioned parts, if
necessary;

8 end

• The procedure for determining the graph’s minimum
spanning tree (Minimal Spanning Tree – MST): MST
techniques for image segmentation describe the image
by constructing a weighted graph against the feature

space [25]. The grouping of pixels treated as a search
for the graph’s minimum spanning tree displays the
image corresponding to the input image. By eliminat-
ing edges from the graph, subgraphs are created with
a minimum sum of weights.

• Random walker: a proposed approach for performing
interactive image segmentation with multiple labels.
Utilizes a small number of user-defined labeled pixels
to assess and quickly estimate the likelihood that a
random walk beginning at each unlabeled pixel will
end up at one of the labeled pixels. By labeling
each pixel and calculating the maximum probability,
high-quality image segmentation can be achieved. This
technique has been used to segment the spinal cord
using magnetic resonance imaging (MRI) images [40].

• Graph-cut technique using value functions [41]: sim-
ilar to MST, this method also defines graphs using
weighted graphs and global graph partitioning. The
graph-cut method can be thought of as a template
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TABLE V
STUDIES APPLIED MODERN METHODS FOR SEGMENTATION

Ref Medical
images

Image type Segmentation method Segmentation algorithm Resut

[28] Brain MRI Metaheuristics Particle Swarm Optimiza-
tion

Accuracy:
92.3 %

[29] Brain MRI Metaheuristics Shuffled Frog Leaping DICE:
0.8652

[30] Brain MRI CNN 2D CNN DICE:
0.8503 ± 0.0227

[31] Chest X-ray CNN 2D CNN AUC:
0.93

[32] (1) Brain
(2) Chest
(3) Heart

(1) MRI
(2) MRI (3)
CT

CNN 2.5D CNN DICE:
(1) 0.7 – 0.9
(2) 0.75 (3) 0.6

[33] Brain MRI CNN 3D CNN DICE:
0.84

[34] Brain MRI CNN 3D CNN DICE:
0.66

[35] Brain MRI LSTM U-net DICE:
0.73

for image segmentation applications that use graph
partitioning techniques. It is advantageous for various
applications since it enables the specification of dis-
tinct ’cut’ criteria and the optimization of global value
computation functions for graph partitioning. Typical
examples include the max-flow/min-cut algorithm and
the Markov random field model. Typical graph-cut
methods include the minimal cut, N-cuts, mean cut,
and ratio cut [42], [43].

• The method is based on the object’s or image’s bound-
ary to determine the shortest path through the graph
[26]. Using standard graph theory techniques such as
Dijkstra, the edge set is the shortest path between two
vertices of a graph. Calculating the border of an object
or partition in an image is equivalent to computing the
shortest path between two graph vertices. Additionally,
other applications demand user participation, such as
selecting the boundary’s starting point.

• N-cut problems [27].
– Let 𝑑 (𝑖) = ∑

𝑖 𝑤𝑖 𝑗

– D is 𝑛 × 𝑛 diagonal matrix with the diagonal d.
– Let 𝑊 is the 𝑛× 𝑛 symmetric matrix and 𝑤𝑖 𝑗 = 𝑤 𝑗𝑖

– Find the minimal min
(𝑆,𝑆̄)

𝑛𝑐𝑢𝑡 (𝑆, 𝑆) = min
𝑦

𝑦𝑇 (𝐷−𝑊 )𝑦
𝑦𝑇𝐷𝑦

where 𝑦𝑖 ∈ {1,−𝑏} and 𝑦𝑡𝐷𝑦 = 0
– Minimize 𝑦𝑇 (𝐷−𝑊 )𝑦

𝑦𝑇𝐷𝑦
with the constraint 𝑦, the prob-

lem becomes finding the second smallest eigenvalue
of the problem (𝐷 −𝑊)𝑦 = 𝜆𝐷𝑦

z

6. Machine Learning

Numerous studies have investigated the segmentation of
various organs to extract problematic areas from medical
images [44]. Active Appearance Models (AAM), Support
Vector Machine (SVM), and Artificial Neural Network
(ANN) are three supervised learning methods that are used
to interpret medical images. The use of nonlinear statis-
tics in ANN and SVM demonstrates complex modeling
relationships between inputs and outputs. The classifier’s
weight is determined by maximizing organ, structural, and
cell features by maximizing the differentiation function.
These weights are redistributed after each sample in the
training set is processed. The extracted information from
the training set gives basic structural information, such
as shape, location, and intensity, that can be evaluated as
corresponding information for image segmentation. On the
other hand, AAMs are statistical models of a structure’s
shape, with training samples used to extract shape pa-
rameter ranges, mean shape, and mean shape. To ensure
comparability between segmentation results and training
samples, conformational parameters should be restricted
in areas where the segmentation technique is used to
find the higher position based on appearance information
of shape points. Thus, the classifier’s algorithms can be
widely applied to images of internal organs such as the
brain and heart in medical imaging. Metaheuristic-based
magnetic resonance imaging: Brain tumors originate when
the cell shape within the brain becomes aberrant; they are
classified into two forms, benign tumors, and malignant
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tumors. Primary malignant tumors are those that have not
metastasized elsewhere. Secondary malignant tumors are
those that have metastasized elsewhere. MR imaging is
one of the most advanced tools available for diagnosing
brain tumors today. Additionally, segmentation is critical
for extracting suspicious regions from complicated medical
imaging of the brain. Automated brain tumor diagnosis
through MR imaging represents an exciting promise for
early and more accurate detection of brain malignancies.
Gopal and Karnan [28] developed an intelligent method for
diagnosing brain malignancies by combining PSO (Particle
Swarm Optimization) and GA in the clustering phase of
MR image processing (Genetic Algorithms). Ladgham et
al. [45] developed a novel metaheuristic method dubbed
SFLA (Shuffled Frog Leaping Algorithm) or modified MS-
FLA for brain MR image segmentation. MSFLA enables
segmentation without the use of attenuating filters or with
the use of three-dimensional Otsu.

7. Deep learning

• CNN: CNN [45] is a subtype of neural network that
consists of a stack of layers, each of which performs
a distinct action, such as convolution, aggregation, or
loss computation. Each intermediate layer receives the
output of the preceding layer as input, as seen in
Figure 15. The first layer is an input layer connected
directly to the input image. The following collection of
layers is composite classes that produce the outcome of
converting the input data through a specified number
of filters and operate as an automatic feature extraction
tool. Filters are frequently referred to as multipliers
and have a size that is based on the data. Each convo-
lutional layer’s output is handled as an activation map,
emphasizing the effect of a particular filter applied
to the input data. The structure described above is
referred to as the conventional CNN.
– 2D CNN: With CNN’s promising image classifi-

cation and pattern recognition skills. The general
concept pertaining to medical images is segmen-
tation and applying 2D filters to the 2D input
image. Zhang [30] improves segmentation results by
combining numerous 2D images with distinct color
channels (e.g., R, G, B). The results indicated that a
particular type was more productive. Bar et al. [31]
merged low-level characteristics from Imagenet with
transfer learning. Originate from PiCoDes [46].

– 2.5D CNN: 2.5D Approaches [32], [47], [48],
The authors in [47] applied this idea to knee
cartilage segmentation. Moeskops et al. evaluated
fractional multitasking using the 2.5D architecture
[32]. Whether a single network design is capable

Figure 15. CNN structure.

of segmenting many organs, the author extended
the concept even further by incorporating several
modalities (for brain MR, breast MR, and cardiac
CTA). 2.5D techniques make use of 2D labeled
data, which is more accessible than 3D data and
produces findings that are more consistent with
existing technology. Additionally, breaking the cube
into a random collection of 2D images alleviates the
size issue [49].

Figure 16. 2.5D example.

– 3D CNN: Using a 2.5D framework enables the
enrichment of spatial information. However, the
2.5D approaches remain restricted to the 2D kernel,
preventing 3D filters. 3D CNNs are used to extract
data along all three axes (𝑋 , 𝑌 , and 𝑍). The net-
work’s construction is similar to that of a 2D CNN,
except that 3D modules are used in each required
part, for example, 3D composite layers and 3D sub-
sampling layers. In one of the first pure 3D models,
brain tumors of any size were segmented [33]. The
proposal of Kamnitsas [34] is a bidirectional 3D
CNN design; this enables the analysis of greater
areas surrounding the voxel and enhances the entire
system when dealing with multi-scale contexts. With
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the reduced kernel size usage, this alteration 3 × 3
improved accuracy. Dou [50] offers to employ a
collection of spatially shared 3D kernels to address
the size and processing time issues. To segment
an organ from complicated three-dimensional im-
ages. However, training such deep networks presents
a substantial difficulty in 3D modeling. Three-
dimensional compositing is used at the subsampling
layer as feedback filtering in a small neighborhood
to stabilize the learned features against local dis-
placement in three-dimensional space. This enables
a substantially faster convergence rate than pure 3D
CNNs when a convolution mask with the same size
as the input volume is used. Kleesiek [33] tackled
the difficult task of brain boundary detection using
3D CNNs. The author applied binary segmentation
via the cutoff function and mapped the outputs to
the desired label, achieving a nearly 6 % improve-
ment over other conventional methods.

– Additionally, there are several enhancements, in-
cluding : Fully Convolutional Network (FCN), Cas-
caded FCN (CFCN), Multi-Stream FCN, U-Net, 2D
U-Net, 3D U-Net, V-Net, Convolutional Residual
Networks (CRNs).

• Recurrent Neural Networks (RNNs): RNN Allows the
network to retain knowledge from previous layers
and use the preceding layer’s output data as input
data. Since the ROI in medical images is frequently
scattered over multiple contiguous slices (e.g., in CT
or MR), subsequent slices exhibit correlation. As a
result, the RNN can extract adjacent slice contexts as
sequential data from the input slices. RNN Structures
are composed of two major components for the extrac-
tion of internal information that can be accomplished
by any CNN model or RNN.

• LSTM: LSTM [51] is often regarded as the most well-
known RNN model. A conventional LSTM network
requires vectorization of the input, which is inconve-
nient for medical image segmentation because spatial
information is lost. However, the excellent idea is to
use convolutional LSTM (CLSTM) [52], [53], where
vector multiplication is substituted with convolution. F.
Xu and colleagues presented a brain tumor segmenta-
tion architecture using MRI images [35].

• Contextual LSTM (CLSTM): CLSTM is used to the
output layer of the CNN in [54] to achieve crisper
segmentation by utilizing context information from
nearby slices. The approach significantly outperforms
the well-known U-Net structure [55]. Chen [56] mod-
ified the CNN by adding a two-way CLSTM (BD-
CLSTM) to the U-Net structure. Because BDC-LSTM

can process data sequentially in two directions z+ and
z- rather than only one, it outperforms tower LSTM
[57] in terms of information acquired in six directions.
(x+ , x- , y+ , y- , z+ , and z-). While the LSTM tower
moves in six directions, combining the six outputs
generated in each direction results in a loss of spatial
information. As a result, BDC-LSTM should perform
slightly better in the z direction.

• Gated Recurrent Unit (GRU): GRU is an LSTM ver-
sion in which memory cells are omitted, and the
structure becomes simpler without sacrificing speed
[58]. Poudel [59] used GRU to analyze the FCN and
regression FCN (RFCN) systems. The advantages of
RFCN are that it can perform both detection and
segmentation in a single build and can be trained for
both FCN and GRU.

• Clockwork RNN (CW-RNN): The CW-RNN proposed
in [60], [61] has promised long-term information mod-
eling with fewer parameters than a pure RNN. This
structure has been used to the portion of connective
tissue that surrounds the perimuscular muscle [62],
[62]. Since only one component of the CW-RNN is
active at any given time, it is more efficient than
other approaches (requiring 100 times the runtime
of the modified CNN) [63], and a comparison of
CW-RNN and U-Net demonstrates that, on average,
a 5% increase in accuracy. It should be mentioned
that parallelizing RNNs on a restricted number of
GPUs is a complex operation, even more so when
the data is three-dimensional [57]. Additionally, de-
coupling training for separate RNN modules increased
the complexity and duration of the training process. In
that case, RNN performs better with greater internal
organs data and more interlayer information than with
a small lesion section with the entire ROI captured in
a single slice.

V. CHALLENGES AND OPPORTUNITIES

1. Challenges

At the time of writing this article, no one ideal segmen-
tation method exists for all types of medical images, such
as coronary imaging [64], Figure 16. There are numerous
causes for this, including the following:

• Sophisticated organ structures: The human body’s
blood arteries are complex. The coronary artery system
is comprised of the right and left coronary arteries as
well as several small blood vessels that surround the
heart and are responsible for the circulatory system’s
pumping function. The number and position of these
blood arteries within the coronary artery network
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frequently differ between individuals. As a result, it is
impossible to apply a model of one patient’s vascular
structure to another.

• Noise: is inevitability and the most concerning source
of error in image processing. Depending on the type
of imaging, whether X-ray or MR. Different strategies
are required to deal with noise in different kinds of
images.

• The contrast between topic and background: in some
image areas, such as figure 18, the background will
have the same gray level as the subjects. Depending on
the time of the image, the volume of blood pushed up
varies. Increased or decreased heart rate affects both
the quality of blood vessels and the image.

• Non-uniform distribution of light: When capturing X-
ray images, the light impact from the lamp and ambient
light significantly affects the image quality, causing
areas of the image to be bright and dark. However,
in the absence of light, the items contained within the
image will be unrecognizable. As a result, non-uniform
light distribution is one of the constraints of X-ray
image databases that must be recognized. Then, we
should have strategies for resolving this circumstance.

2. Opportunities

Each medical category will provide information about a
specific area of the body. The relevance study is based on
a characteristic of each image kind and employs analytical
relevancy. Medical problem analysis is one of the most
complex problems; it is also critical for classification and
subsequent analysis. The results of the problem segmen-
tation, the medical image, will be used to determine the
problem’s level of accuracy later. With the issues described
above and numerous more obstacles encountered during
implementation, these are the formulas and an opportunity
for many researchers to tackle the medical image analysis
problem.

Figure 17. Limitations of coronary angiography: (a) low contrast, and (b)
non-uniform light distribution.
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